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Abstract—A user port impedance range and a user port tuning
range characterize an antenna tuner at a given frequency. These
sets and their local dimensions are defined and studied for an
antenna tuner having any number n of antenna ports and any
number m of user ports. A reciprocal antenna tuner is said to
have a full tuning capability if it can provide or compensate all
relevant small impedance variations, under the assumption that
its adjustable impedance devices can provide suitable reactance
values. For reciprocal antennas and a reciprocal antenna tuner,
it is proven that the local dimension of the user port impedance
range is equal to m(m + 1) if and only if the antenna tuner
has a full tuning capability. We use this result to study an an-
tenna tuner made of several uncoupled single-antenna-port and
single-user-port antenna tuners. We also use this result to show
that a new multiple-antenna-port and multiple-user-port antenna
tuner has a full tuning capability.

Index Terms—Antenna tuning, impedance matching, MIMO
radio communication, radio receiver, radio transmitter.

1. INTRODUCTION

N ACTIVE equipment for radio communication, for in-

stance a radio transmitter or a radio receiver, is referred to
as the user, in this paper. A single-antenna-port and single-user-
port (SAPSUP) antenna tuner is intended to be inserted between
the user and its antenna, to be able to adjust the impedance seen
by the user, so that it approximates a wanted impedance.

Fig. 1 shows a block diagram of a typical use of a SAPSUP
antenna tuner, for tuning a single antenna which presents an
impedance Z,,;. The antenna tuner comprises: an antenna port
coupled to the antenna through a transmission line usually re-
ferred to as “feeder”; a user port (which may also be referred to
as “radio port”); and one or more adjustable impedance devices.
The antenna port sees an impedance Zg,,+ and the user port
presents an impedance Zi;. Each of the adjustable impedance
devices has a reactance, this reactance being adjustable and
having an influence on Zy. Here, “adjustable impedance
device” refers to any component having two terminals which
behave as the terminals of a passive linear two-terminal circuit
element, and which present an impedance which is adjustable
by mechanical or electrical means.

A SAPSUP antenna tuner is the core of an automatic antenna
tuner, also referred to as adaptive antenna tuner. Automatic
SAPSUP antenna tuners may for instance be used in portable
wireless devices, to provide the wanted impedance at different
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Fig. 1. An antenna connected to a 2-conductor transmission line connected to
a SAPSUP antenna tuner.
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frequencies, and to compensate the so-called user interaction,
also referred to as user effect, by which the body of a nearby
person may severely degrade the performance of the antennas
[1]-{10].

A user may need to be coupled to several antennas, to use
them simultaneously, in the same frequency band. This type of
user may for instance be a receiver or a transmitter for MIMO
radio communication. A multiple-antenna-port and multiple-
user-port (MAPMUP) antenna tuner is intended to be inserted
between such a user and an antenna array, to be able to adjust
the impedance matrix presented by the user ports, so that it ap-
proximates a wanted impedance matrix. An antenna tuner must
behave, with respect to the antenna ports and the user ports, as a
passive linear device, in a frequency band of intended operation.
In practice, losses are undesirable for signals applied to the an-
tenna ports or the user ports, in the frequency band of intended
operation. Thus, an ideal antenna tuner is lossless for signals ap-
plied to its antenna ports or user ports. The wanted impedance
matrix is often a diagonal matrix, because in this case the user
ports behave as the ports of uncoupled antennas having orthog-
onal radiation patterns, suitable for maximum power transfer or
maximum capacity [11]-[15].

A MAPMUP antenna tuner may consist of uncoupled
SAPSUP antenna tuners, one for each antenna [16]. The uncou-
pled antenna tuners need not be able to provide an impedance
matrix presented by the user ports that approximates a wanted
diagonal matrix. However, interesting results may be obtained
with this kind of MAPMUP antenna tuner [17]-[22].

Recently, several MAPMUP antenna tuners which cannot be
separated into uncoupled SAPSUP antenna tuners have been
proposed [23]-[25].

This paper presents a theory of antenna tuners having any
number of antenna ports and user ports, in which two sets play
an important role: a user port impedance range and a user port
tuning range. Two new quantities are defined in the paper: the
local dimension (LD) of the user port impedance range and the
LD of the user port tuning range. It is shown that a computation
of the LD of the user port impedance range can be used to easily
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determine whether the antenna tuner has a full tuning capability.
This is our main result, and we explain how it can be used.

Section II states some known properties of a SAPSUP an-
tenna tuner. The remainder of the paper consists of new results
applicable to MAPMUP antenna tuners, which are related to the
simpler aspects covered in Section II. Section III is used to de-
fine and investigate the user port impedance range and the user
port tuning range, their LDs, and the full tuning capability. Sec-
tion IV briefly covers the antenna port impedance range and the
antenna port tuning range. In Sections V to VII, LDs are used
to investigate the properties of several types of antenna tuners,
including a novel MAPMUP antenna tuner having a full tuning
capability.

II. STUDY OF A SAPSUP ANTENNA TUNER

We use R to denote the set of real numbers and C to denote the
set of complex numbers. C can be regarded as a real vector space
of dimension 2, denoted by E(1). Impedances are considered as
functions of the frequency or the Laplace variable.

Let us consider a SAPSUP antenna tuner having p ad-
justable impedance devices, numbered from 1 to p. For any j
€ {1,...,p}, we use X; to denote the reactance of the ad-
justable impedance device number j, at a specified frequency.
At a given frequency, let us use fiy to denote the mapping such
that

fU(ZSant7X17'-'7Xp) :ZU (1)

where each of the real variables X1, ..., X, is any element of
R. An actual adjustable impedance device only provides, at a
given frequency, reactance values lying either in a finite subset
of R, or in a bounded interval of R. Thus, the capabilities of the
adjustable impedance device number j define a set of achiev-
able values of X;. For instance, in current antenna tuner de-
signs for cellular phones, an adjustable impedance device may
consist of a barium strontium titanate (BST) varactor controlled
by the output of a digital-to-analog converter, so that the set of
achievable reactance values is finite [26], [27]. An adjustable
impedance device made up of switched inductors, capacitors or
stubs also provides a finite set of achievable reactance values
[28], [29].

In (1), the impedance of an adjustable impedance device need
not be a pure reactance, but (1) assumes that, at the given fre-
quency, this impedance is a function of the reactance. This con-
dition can be satisfied if any achievable value of X ; corresponds
to a single setting of the adjustable impedance device number 3.

The mapping fy and the p sets of the achievable values of the
real variables X1, ..., X, can be used to define, at the given fre-
quency, a user port impedance range, denoted by Dy r{Zsant ),
as the set of all fy(Zsqni, X1,-..,Xp) such that the value of
each of the X; is achievable. In other words, Dy g (Z g4ns) is the
set of achievable values of Zy, for a specified value of Zgq4:.
It is a nonempty finite or infinite subset of C.

As an example, we consider the antenna tuner shown in Fig.
2, intended to tune an ideal monopole antenna, having a total
length of about 37.53 mm, coupled to a 54 mm-long feeder, so
as to obtain that Zy; approximates a wanted impedance Zw =
50 €2, at any frequency in a frequency band of center frequency
f- = 806.5 MHz, in spite of the user interaction. The A/4 reso-
nance of the antenna is near 1880 MHz. At f,., the antenna and
the feeder present the impedance Zg,,,: ~ (1.513+520.824) Q.
At f. and for L = 18 nH, Z; = Zyw is obtained for Cyy ~
5.539 pF and C4 =~ 12.176 pF. Fig. 3 shows Dyyr(Z5ant) of
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Fig. 2. A SAPSUP antenna tuner having a w-network structure.
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Fig. 3. The user port impedance range Dy r and the user port tuning range
Dy rr of the SAPSUP antenna tuner.

this antenna tuner, at f., for L = 18 nH, Cy; varying from 3.5
pF to 10 pF and C4 varying from 6.0 pF to 13 pF, both with
100 steps. Fig. 3 was obtained with a numerical analysis pro-
gram, the method of moments with Lagrange polynomials as
basis functions and point matching being used to compute the
impedance of the antenna [30, ch. 2]. Though not inaesthetic,
the shape of Dygr(Zgant) does not correspond to any named
surface.

We can also define, at the given frequency, a user port
tuning range, denoted by Dyrrr(Zuw ), as the set of all Zgqnt
for which there exist achievable values of the real variables
Xl,...,Xp such that fU(ZSanta-Xl:"'7Xp) = Zuw.
Clearly, Dyrgr(Zy) is a finite or infinite subset of C, and it
may be empty. Directly from the definitions, we obtain:

{Zsant € Durr(Zy)} < {Ziy € Duyr(Zsant)} (2)

The user port tuning range may seem to be the most rele-
vant parameter of the antenna tuner, because it shows the Zgq,1
values which are compatible with the antenna tuner. For in-
stance, in a configuration where the user is intended to operate
with Zy = 50 €2, the antenna tuner is expected to provide a
Dyrr(50 ) which, in the frequency band of operation, con-
tains impedances adequately spread over a neighborhood of the
nominal value of Zg,,;. However, a manual or automatic ad-
justment of the antenna tuner is usually a closed-loop process
based on measurements performed at the user port during emis-
sion, of Zy or of the voltage standing-wave ratio [2], [6], [7],
[10]. This process should find an optimum value of Z;;, and it
does not know anything about Zg.,+. Thus, Dy (Zgant) is
important because it is what the operator or the automatic con-
trol system sees.

Fig. 3 shows Dyrgr(50 ) of the antenna tuner shown in
Fig. 2, at f., for the component values and variations considered
previously. The shape of Dyrr(50 €2) is a nameless surface,



BROYDE AND CLAVELIER: SOME PROPERTIES OF MULTIPLE-ANTENNA-PORT AND MULTIPLE-USER-PORT ANTENNA TUNERS 425

Antennas 2-conductor Antenna tuner
transmission lines
1 1+ g

aL

n+=OT mHowng

K
Ne=OT  OSSO+DS®

— :

Zu:] ’_;SLI ZS(uﬂ ELI Z:—‘ EL

Fig. 4. An array of n antennas connected to n uncoupled 2-conductor trans-
mission lines connected to a MAPMUP antenna tuner having n antenna ports
and m user ports.

and it does not seem to be related to the shape of Dy g (Z5ant)
by a simple geometric transformation.

III. CONSIDERATIONS BASED ON THE IMPEDANCE MATRIX
PRESENTED BY THE USER PORTS

In this section, we extend the definitions of the user port
impedance range and of the user port tuning range, to antenna
tuners having any numbers of antenna ports and user ports. To
cope with the fact that we are no longer able to plot and visualize
these sets, we define and study their LDs, which can be used as
figures of merit of the antenna tuner. We also establish their con-
nection with a full tuning capability of the antenna tuner.

A. Definitions and Results Which Do Not Use Reciprocity

Let dim V denote the dimension of a vector space V' over the
field R. Let E(m), where m is a positive integer, be the vector
space of complex matrices of size m x m over the field R. We
have dim E(m) = 2 m*. Impedance matrices are considered as
functions of the frequency or of the Laplace variable.

Fig. 4 shows a block diagram of a typical use of a MAPMUP
antenna tuner for tuning an array of n > 1 antennas which
presents an impedance matrix Z,,;. The antenna tuner com-
prises: n antenna ports each coupled to an antenna through a
feeder, the antenna ports seeing an impedance matrix Zsqyn: of
size n X n; m > 1 user ports presenting an impedance matrix
Zy; of size m X m; and p adjustable impedance devices. A user
port may also be referred to as “radio port.” Each adjustable
impedance device has a reactance which is adjustable and has
an influence on Zg;. The impedance of an adjustable impedance
device need not be a pure reactance, so that we are making no
assumption on the antenna tuner.

Let us use Xy,..., X, to denote the reactances of the ad-
justable impedance devices, as in Section II. At a given fre-
quency, a mapping fiy may be defined by

fU(ZSant7X17 s ’Xp) = ZU

where each of the real variables X7, ..
R.

Using this mapping which fully characterizes the impedance
matrix presented by the user ports, we may define, at the given
frequency:

¢ A user port impedance range, denoted by Dy r(Zgant), as

the set of all fi;(Zsans, X1,--.,X,) such that the value
of each of the X is achievable; and

3

., X}, is any element of

* A user port tuning range, denoted by Dyrr(Zuw), as
the set of all Zg,,; for which there exist achievable
values of the real variables X1,...,X, such that fy
(ZSanh Xl: cee 7Xp) = ZUW~

For an arbitrary Z g+, the set Dy p(Z 54,¢ ) is nonempty, but

it follows from the definition that, for an arbitrary Zzrw, the set
Dyrr(Zyw) need not be nonempty. The definitions imply

{Zsant € Durr(Zv)} © {Zv € Dur(Zsant)} ()

which generalizes (2). We see an important difference between
the definitions of Section II and the present definitions: if n > 2
orm > 2, we are no longer able to visualize Dyyg(Zsant) and
Dyrr(Zy). This is why we are going to define and study a LD
of DUR(ZSant) and a LD of DUTR(ZU)-

Zy; may be considered as an element of E(m). At given
values of Xi,..., X, and Zg,n:, we define the tangent space
of Dyr(Zsant), denoted by Ty, as the span, in E(m), of the
partial derivatives dfy /0 X1, ...,0fu/0X,.

Definition 1: The LD of Dyg(Zgant) is dim Ty, It is less
than or equal to dim E(m) = 2 m?, and less than or equal to p.
It is of course equal to the rank of 8 /80X, ...,0fur /90X, in
E(m).

Proposition 1: 1t follows directly from the definition that:

1) If the LD of Dyg(Zsan:t) is 2 m?, then Tyy = E(m),
so that any small variation §Z;; in Z;; can be obtained,
if suitable achievable values of X, ..., X, exist;

2) Ifthe LD of Dyyr(Zsant) is less than or equal to 2 m? — 1,
some of the conceivable small variations in Z;; cannot be
obtained.

Z,nt may be considered as an element of F(n). At given
values of X1,..., X, and Zgant, let g :E(n) — E(m) be the
partial differential of the function fu (Zsant, X1, - - ., Xp) with
respect to the variable Zg,,:. This linear mapping is by defi-
nition such that, if Xy,..., X, are kept constant, an arbitrary
variation 0Zggpt in Zggn: corresponds to a variation dZ;; in
Zy;, given by

0Zy = Y(0Zsant) + 0 ([|6Zsant|]) Q)

to the first order in ||6Z g4n¢||, where we have used Landau's
“little 0” notation. The partial differential ¥ is defined
without reference to any basis, but a choice of a basis
allows us to express it using partial derivatives. We use
Bg = (Egi1,...,Egp), with b = 2n?, to denote an or-
thonormal basis of E(n), and we use Zg1, ..., Zg; to denote
the coordinates of Zg,,: With respect to the basis Bg. For any
z € E(n), we have

b dfu
Ye(z) = ;(EEk .Z)(?ZEk (6)
so that (5) may take on the equivalent form
: dfu
02y = ;(EE k '5Zsm)m +o([[6Zsantll) (7

which may look more familiar but cannot be used for the fol-
lowing considerations.

Proposition 2: There exist variations 6Xi,...,6X, in
Xy,..., X, respectively, which fully compensate, to the first
order in [|6Z gant||, @ small variation §Zigap: in Zggnt, if and
only if

6Zsans € Ty where Tyr = ¢ (1) (8)
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where 4" (T17) denotes the inverse image of 777 under .
Proof: To obtain the wanted result, we need to solve

~ . Ofu
Z‘SXJ'_ = _¢E(§Z5ant) ©
0X;
k=1
where the unknowns are the real variables §.X1,...,dX,. Since

Y5 (Ty) is always defined (even in the case where g is not
an isomorphism and consequently not invertible), this equation
has a solution if and only if (8) is satisfied. O
If 1 is an isomorphism, the equation fy(Zsant, X1,
.., X,) = Zyw of unknown Zg,,,, implicitly defines a
differentiable ~ mapping  fyr  which  satisfies  fyr
(ZUW: Xi,oon, Xp) = Zsant, so that -DUTR(ZUW) is the set
of all fyr(Zyw,X1,...,X,) such that the value of each of
the X; is achievable. By the definition of fi;r, we have

fU (fUT(ZUl/V)Xh'"vXp)v X17"'7Xp):ZUW (10)
It follows that, for any j € {1,...,p}, we have
h
3fUT> dfv dfu
Ep - = (11)
I;( 0X; ) 0Zg 0X;
so that
Ofvr _ 1 (0fu
ox =V (an (12)

It follows that Ty is the span of the partial derivatives
Ofur/0X1,...,0fur/3X, in E(n). If ¢ is not an isomor-
phism, it need not be possible to define the mapping firr.

B. Definitions and Results Using Reciprocity

Let S(m) be the vector space of all symmetric complex ma-
trices of size m x m over the field R. S(m) is a subspace of
E(m), and dim S(m) = m{(m + 1). We now assume that the
antennas are reciprocal, so that Z,,; and Z g4y, lie in S(n). We
further assume that the antenna tuner is reciprocal, which in this
paper means that the antenna tuner behaves, with respect to its
antenna and user ports, as a reciprocal device. Thus, Z;; lies in
S(m), Ty is a subspace of S(m), and the LD of Dyr(Zsant)
is less than or equal to m(m + 1).

It follows from these assumptions that, for m > 2, we are
only in the second case of Proposition 1. We also note that,
though Tpy7 is a subspace of E(n), it need not be a subspace
of S(n). For these reasons, specialized versions of Proposition
1 and Proposition 2 are needed, which only take into account
the useful impedance matrix variations, that is to say the small
symmetric variations in Zy; and the small symmetric variations
in ZSant-

Proposition 3: For reciprocal antennas and a reciprocal an-
tenna tuner, it follows directly from the definition that:

1) Ifthe LD of Dygr(Zsant) is m (m+1), then Ty = S(m),

so that any small symmetric variation dZg in Zg can
be obtained, if suitable achievable values of Xy,..., X,
exist;

2) If the LD of Dy r(Zsant) is less than or equal to m(m +
1)—1, some of the conceivable small symmetric variations
in Zg; cannot be obtained.

Let s : S(n) — S(m) be the partial differential of the
function fy(Zsant, X1,-...,Xp) with respect to the variable
Zsant. Weuse Bg = (Egy,...,Egy), with g = n(n + 1), to
denote an orthonormal basis of S(n), and we use Zg1, ..., Zs,

to denote the coordinates of Z s5,,¢ With respect to the basis Bg.
The linear mappings ¢ is such that, for any z € S(n}, we have

bs@) = (Esy - 2) 2

k=1

(13)

Proposition 4: For reciprocal antennas and a reciprocal an-
tenna tuner, there exist variations 6.X1,...,0X, in Xy,..., X,,
respectively, which fully compensate, to the first order in
[6Z s4ntl|, @ small symmetric variation §Zggn: in Ziggnt, if
and only if

6Zsant € Tyr N S(n) = ¥5" (Ty) (14)

Proof: Since, for any z € S(n), vg(z) = vg(z), we
find that, for reciprocal antennas and antenna tuner and for a
symmetric §Zgqni, (8) < (14). O

Definition 2: The LD of DUTR(ZU) is dim Ty N S(n) It
is less than or equal to dim S{n) = n(n + 1). It is greater than
or equal to the LD of Dyyr(Zgans)-

Proposition 5: For reciprocal antennas and a reciprocal an-
tenna tuner, it follows from Proposition 4 that:

1) If the LD of Dyrp(Zy) is n(n + 1), then Tyr = S(n),
so that any small symmetric variation 8Z g, y; in Z g4, can
be compensated to the first order in ||§Zg4nt||, if suitable
achievable values of X1, ..., X, exist;

2) If the LD of Dyrr(Zy) is less than or equal to n(n +
1) — 1, some of the conceivable small symmetric varia-
tions in Zg,nt cannot be compensated to the first order in
16Zsant|-

Proposition 6: For reciprocal antennas and a reciprocal an-
tenna tuner, if the LD of Dyg(Zsant) is equal to m(m + 1),
then the LD of Dyrr(Zyr) is equal to n{n + 1).

Proof: Ifthe LD of Dy p(Zgan:) is m{m+1), then Ty =

S(m). Thus, Ty N S(n) = 5 (Ty) = S(n). O
Proposition 7: For reciprocal antennas and a re-
ciprocal antenna tuner, if the rank of the vectors
dfv/0Zs1,...,0fu/0Zsy is equal to m(m + 1), and if
m = n, then the LD of Dyrr(Zy) is equal to the LD of
Dur(Zsant)-
Proof: If the rank of the vectors 8fy/8Zs1,...,

O0fu/0Zs, is equal to m(m+ 1) and m = n, then ¥ is an iso-
morphism. Thus dim Ty N .S(n) = dim ¢ 5 (Ty) = dim Ty
O

C. Full Tuning Capability

We say that a reciprocal antenna tuner has a full tuning
capability if it can provide or compensate all relevant small
impedance variations, under the assumption that its adjustable
impedance devices can provide suitable reactance values. A
more rigorous definition follows.

Definition 3: For a given Zg,y; lying in S(n), a reciprocal
antenna tuner has a full tuning capability if:

* Any small symmetric variation §Z;; in Zy can be ob-
tained, if suitable achievable values of X;, ..., X, exist;
and

* Any small symmetric variation 8Zisqy: in Zggn: can be
compensated to the first order in ||6Zgyne||, if suitable
achievable values of X1, ..., X, exist.

Proposition 8: A reciprocal antenna tuner has a full tuning
capability if and only if the LD of Dy p(Z g4n: ) equals the max-
imum possible value m(m + 1).

Proof: Direct consequence of propositions 3, 5, and 6. [
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IV. CONSIDERATIONS BASED ON THE IMPEDANCE MATRIX
PRESENTED BY THE ANTENNA PORTS

If the circuit connected to the user ports may be considered as
linear, we can use Zy, to denote its impedance matrix, Zy ; to de-
note the impedance matrix presented by the antenna ports of the
antenna tuner, and Zgy,; to denote the impedance matrix seen
by the antennas, as shown in Fig. 4. In the case where antennas
are used for reception, Zy ; determines the power transfer from
the antennas and their feeders to the antenna tuner. It is there-
fore legitimate to investigate this impedance matrix. At a given
frequency, a mapping f4 may be defined by

falZp, Xy, ..., Xp) =2y

where each of the real variables X3, ..
R.

(15

., X}, is any element of

Using this mapping which fully characterizes the impedance
matrix presented by the antenna ports, we may define, at the
given frequency:

* An antenna port impedance range, denoted by Dar(Zr.),
asthesetofall fa(Zy, X4,...,X,) such that the value of
each of the X is achievable; and

* An antenna port tuning range, denoted by D arr(Zrrw),
as the set of all Zj; for which there exist achiev-
able values of the real variables Xy,..., X, such that
falZp,X1,...,Xp) = Zriw.

For an arbitrary Zj,, the set Dag(Zy) is nonempty, but it

follows from the definition that, for an arbitrary Zz ryw, the set
D a7r(Zrw) need not be nonempty. The definitions imply

{Z; € Darr(Zr1)} & {Zr; € Dar(Z1)}  (16)

The reader can easily transpose the results of Section III on
Dyr(Zsant) and Dyrr(Zy ), t0 Dag(Zy) and D srr(Zry).
This provides the definition of the LD of D 4g(Z1,), and the LD
of Darr(Zyrr), and propositions relating to these LDs.

If the antenna tuner behaves as a lossless device with respect
to its antenna ports and user ports, we can apply a known result
on bilateral hermitian match [13, § III], [31, App.]. It follows
that hermitian matching at the antenna ports entails hermitian
matching at the user ports, and hermitian matching at the user
ports entails hermitian matching at the antenna ports. Conse-
quently, in this case we have

{Z7 € Dur(Zsant)} & {Z5un: € Dar(Zr)}  (17)

where the star denotes the hermitian adjoint. This result can be
combined with (4) and (16) to obtain

{Zgant € Dar (Z;})} A {ZSant € DUTR(ZU)}

and

{Z} € Darr (Z5,,0)} ©{Z1 € Dur(Zsans)}  (19)

Thus, for a lossless antenna tuner, the antenna port impedance
range and the antenna port tuning range can be derived from
the user port impedance range and the user port tuning range.
This can be visualized in the case of a SAPSUP antenna tuner.
For instance, Fig. 5 shows a direct computation of Dsr(Z})
and D arr(Z%,,;) of the SAPSUP antenna tuner of Section II,
for Z; = Zp = 50  and Zgen; ~ (1.513 + j20.824) Q
at f. = 806.5 MHz. A comparison with Fig. 3 shows that the
symmetry expressed by (18) and (19) is indeed present.

Proposition 9: For alossless and reciprocal antenna tuner and
for Zy; and Zgant lying in S(n), the LD of D agr(Zj;) equals

(18)
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Fig. 5. The antenna port impedance range D 4 and the antenna port tuning
range D a7 of the SAPSUP antenna tuner.

the LD of Dyyrr(Zy) and the LD of D 47 r(Z5,,,,) equals the
LD of DUR(ZSant)~
Proof: The result can be derived from (18) and (19). O
Though (18) and (19) assume a lossless tuner, it may reason-
ably be assumed that Proposition 9 remains valid for antenna
tuners having small losses.

V. Two EXAMPLES USING SAPSUP ANTENNA TUNERS

Let us first consider the case of the SAPSUP antenna
tuner used as an example in Section II, for Zg,,: =~
(1.513 + ;20.824) Q@ and at f. = 806.5 MHz. For
Cpy ~ 5.539 pF and C4 = 12.176 pF, which corresponds to
Zyw = 50 £, but not exactly to achievable values of Cy; and
C4, the LD of Dyg(Zgant) is 2. By Proposition 6, the LD of
Dyrr(50 Q) is 2. Based on Proposition 8, it is possible to state
that the SAPSUP antenna tuner has a full tuning capability for
the given Zggns.

This information is useful, but is not as rich as a plot of
Dyr(Zsant) and Dyrr(50 ) such as Fig. 3, which is not lim-
ited to small variations and which takes into account the achiev-
able values of Xy,..., X,,.

Let us now consider the case of a reciprocal MAPMUP an-
tenna tuner made up of n uncoupled SAPSUP antenna tuners,
as shown in Fig. 6. In the special case where Z g, is a diagonal
matrix, Zy is also a diagonal matrix because there is no coupling
between the user ports. Consequently, the LD of Dy g(Zgant) is
less than or equal to 2n = 2m. In this case, Proposition 3 allows
us to conclude that, for n > 2, some of the conceivable small
symmetric variations in Zgy cannot be obtained. This result is
not very useful since we are mostly interested in the configura-
tion where Z g, is not a diagonal matrix, because the antennas
interact.

Instead of assuming that Zg,,,; is diagonal, let us now only
assume reciprocal antennas. If we further assume that each
SAPSUP antenna tuner is lossless and reciprocal, it is fully
characterized by 3 real frequency dependent parameters (for
instance: a reactance of the antenna port for an open-circuited
user port, a reactance of the user port for an open-circuited
antenna port and a transfer reactance). Thus, for a given Z g4,
and at a given frequency, Z;; is a function of at most 3n = 3m
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Fig. 6. An array of n antennas connected to n uncoupled 2-conductor trans-
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o 1 2 o
AP101 % UP1
.4
= # =
=4 -
= A = 7‘£
o . © AR O
APZO_-L -L_OUPZ
<
= R T P =
= ;— Y = 7— x
AT 7T
o ' 25 1 )
APSO__L % % _L_OUP3
= 1 1 =
= 7 i = 7 x
an T
o ’ 2 1 o
AP4 UP4
Antenna L 1 User
ports ~ - ports

Fig. 7. A MAPMUP antenna tuner having » = 4 antenna ports, AP1 to AP4,
and m = 4 user ports, UP1 to UP4.

independent real parameters. Thus, the LD of Dy r(Zgant) is
less than or equal to 3m. Forn > 3, we have 3m < m(m +1),
so that by Proposition 8, we conclude that the MAPMUP
antenna tuner does not have a full tuning capability.

This is why, as said in the introduction, the uncoupled antenna
tuners shown in Fig. 6 usually cannot be tuned to obtain a Zs
that is close to a wanted diagonal impedance matrix.

VI. EXAMPLE OF A NEW MAPMUP ANTENNA TUNER

We have searched antenna tuner structures which overcome
the limitation explained in the previous section, of a MAPMUP
antenna tuner made of uncoupled SAPSUP antenna tuners as
shown in Fig. 6. This led to a MAPMUP antenna tuner having,
in the special case n = m = 4, the schematic diagram shown
in Fig. 7. Since it generalizes the antenna tuner circuit of Fig. 2
having a w-network structure, we say that it has the structure of
a multidimensional w-network. This type of antenna tuner has
n{n+1) = m(m+1) adjustable impedance devices presenting
anegative reactance, represented as variable capacitors in Fig. 7.
Thus, there is a possibility that the adjustable impedance devices
allow an independent control of the m (m + 1) real parameters
which define the symmetric matrix Z;;.

Let us assume that all adjustable impedance devices and all
windings are lossless. We use C 4 to denote the capacitance ma-
trix of the m(m + 1)/2 adjustable impedance devices coupled

to one of the antenna ports, L to denote the inductance matrix
of the windings and Cy; to denote the capacitance matrix of the
m {m + 1)/2 adjustable impedance devices coupled to one of
the user ports. Let w be the radian frequency. We have

N -1 -1
Ty — H[zsjer jwCal ij} n jch] (20)

We want to solve the problem of finding C 4, L, and Cy; such
that Zg; is equal to a wanted impedance matrix Zyw = rg 1,,
where 7y is a resistance and where, for a positive integer g, we
use 1, to denote the identity matrix of size ¢ X g. The equation
to be solved is

. — _ . -1
{901, — jwCyp) b= (ZS;nt + jwCy4)  +jwL  (21)
where gg = 1/r¢. Letus introduce the real matrices G 4 and B 4
which satisfy Zgim =G4+ jB4. If Zg,y; is symmetric, the

design of the MAPMUP antenna tuner providing Zy = Zyw
in a given frequency band can use the following steps:

Step 1) Select an arbitrary physically realizable capacitance
matrix C 4 and an arbitrary frequency f4 in the fre-
quency band;

Step 2) Compute Cy compatible with Zy; = Zyw at fa,
using

1
wCy =[goGa+go(Ba+wC4)G ' (Ba+wCa)—gilm]>

22
Step 3) Compute L providing Z;; = Zyw at fa, using( )

wL = [ggln + (wCU)Z] ! wCry

+ [Ba+wCsa+Ga(Ba+ WCA)ilGAJ o
(23)

Step 4) Determine whether Cy; and L are realizable; if no, go
back to step 1; if yes, a physically realizable solution
of Zyy = Zyw at f4 has been obtained.

The voltage transfer matrix from the user port to the antenna
port, denoted by Ty, is given by

— . -1 _ . -1 . —1

Ty = (Zgbu +J0Ca) " [(Zsd +JwCa) " + jul]
= [Lp + jwL (Zg),, + jwCa)] (24)
According to [32]-[34], for a lossless network, T;; satisfies
Ty = V5 Ch(G4)™'U (25)

where Ch(G 4) denotes the result of the Cholesky decompo-
sition of the positive definite matrix G 4, and U is an arbi-
trary unitary matrix. This allows us to interpret step 1: different
choices of C 4 lead to different values of Ty which correspond
to different values of U. In the case n = m = 1 used in the
example of Section 11, different values of C' 4 correspond to a
change in the phase of the voltage transfer ratio and to a change
in other electrical characteristics of the antenna tuner, such as
the loaded quality factor [1], [35]. However, different values
of C4 have no impact on the directivity pattern. In the case
n = m > 2 of Fig. 7, different choices of C,4 may change
the electrical characteristics of the antenna tuner and the direc-
tivity pattern of the user ports. In a portable wireless device
such as a mobile phone, for which the orientation is random and
time-varying, and for which the directivity pattern is subject to
the user interaction, we believe that this is not a problem.

As an example, let us assume that the antenna tuner is in-
tended to tune an antenna array operating in the frequency band
1850 MHz to 1910 MHz. The antenna array is a circular array
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Fig. 8. Entries of Zgan: versus frequency: Re(Zgsan:11) is curve A;
Im(Z sans 11) is curve B; Re(Zgane 12) is curve C; Im(Zgans 12) is curve
D; Re(Zsans 13) is curve E; Im(Zgop1 13) is curve F.

of four parallel 79.7 mm long dipole antennas (side-by-side
configuration). The radius of the array is 47.8 mm, so that it
presents a 67.7 mm spacing between the nearest array elements.
Each antenna has a 54 mm long feeder. At the center frequency
fe = 1880 MHz, Z g, is approximately given by:

ZSant ~
1344+ 44j —40— 45 —164+27j —40 — 45]
—40—45] 134+44j —40-455 —16+27j |
—164+27j —40—455 1344445 —40—-45j
40 - 45j 161 27j 40 —45j 134 1 44j
(26)

Three entries of Zg,n: are plotted as a function of frequency
in Fig. 8. At any frequency, Zg,y: 1s symmetric and circulant,
as shown in (26), so that all entries of Zg,,: are plotted in
Fig. 8. All numerical results presented in this section were ob-
tained with a numerical analysis program, using the induced emf
method to compute the impedance matrix of the antenna array
[37, ch. 14].

We want to compute the component values to obtain Zj; =
50 Q2 x 14. After some iterations (manual trial and errors), the
value selected at step 1 is

1020 —-2.10 —1.20 —2.10
210 10.20 —2.10 —1.20
Ca=1| 150 210 1020 —210|PF @D
—210 -1.20 —2.10 10.20
for which we obtain
1954 —6.94 —0.19 —6.94
—6.94 1954 —6.94 —0.19
Co~| 19 _694 1954 —694 |PF (2P
~6.94 —019 —6.94 19.54
at step 2 and
1.276 0.397 0.285 0.397
0.397 1.276 0.397 0.285
L~1 09285 0307 1276 0397 |™ @9
0.397 0.285 0.397 1.276

at step 3. The value of L given by (29) can be used to design the
windings shown in Fig. 7. The values of C 4 and Cy given by

Q
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1850 1860 1870 1880 1890 1900 MHz

Fig. 9. Zy for the initial values of C4 and Cy: Re(Zy 11) is curve A;
Im(Zy 11) is curve B; Re(Zy 12) is curve C; Im(Zy 12) is curve D;
Re(Zy 13) is curve E; and Im(Zy 13) is curve F.

(27) and (28) can be used to design the network of adjustable
impedance devices.

For C 4, L and Cy given by (27)—(29), three entries of Z¢
are plotted as a function of frequency in Fig. 9. At any frequency,
Zy; being symmetric and circulant, all entries of Z; are in fact
plotted in Fig. 9. The plot clearly shows that Z;; ~ 50 2 x 14
is obtained at f. = 1880 MHz.

Instead of plotting the real and imaginary parts of the entries
of Zg,n: and Zy, it is possible to use a scalar figure of merit
such as the return figure F'(Z) given by

F(Z) = [IIS(Z)]ll, (30)

where Z is an impedance matrix of size ¢ x g, S(Z) is a scat-
tering matrix defined by

S(Z) = (Z + roly)) " HZ — rol,) = (Z — rol)(Z + roL,) "

and the spectral norm ||| A |||z of a square matrix A is the square
root of the largest eigenvalue of AA™, and the largest singular
value of A [36, § 5.6.6 and § 7.3.10]. Some properties of F(Z)
are presented in the Appendix. F(Z) expressed in decibels is
Fap = 20 log(F(Z)), where log is the decimal logarithm. By
(35), it follows that Fy5(Zy;) < 0dBand Fap(Zsant) < 0dB.
An ideal match corresponds to Fyp(Zy) = —oo dB.
Fyp(Zy) and Fyp(Zgan:) are plotted as a function of fre-
quency in Fig. 10. It confirms that Z;; ~ 50 {2 x 14 is obtained
at f. = 1880 MHz. Fig. 9 and Fig. 10 have been obtained for
the initial values of L and Cy; given by (28), (29), which were
computed to obtain Zy &~ 50 2 X 14 at f. = 1880 MHz, for
C 4 given by (27). This does not prove that the antenna tuner
can provide the desired tunability, when, as shown in Fig. 7, L
is fixed while Cy; and C 4 may be varied. Unlike what was done
in Section II, we cannot plot Dy g(Zgan:) and Dyrr(Zy) cor-
responding to the p = 20 sets of the achievable values of the
real variables X1, ..., X}, for two reasons: Dy gr(Zgqan;) and
Dyrr(Zy) are subsets of S(4), a real vector space of dimen-
sion 20; and, if each adjustable impedance device shown in
Fig. 7 provides 100 capacitance values, there are 10” different
circuits to consider. However, numerical partial derivatives ap-
plied to (20) and a matrix rank computation can be used to show
that, at the point defined by (27)—(29), the LD of Dy r(Zsant)
is m(m + 1) = 20. By Proposition 6, it follows that the LD of
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Fig. 10. The return figure versus frequency: Fgp (Zy ) for Zy shown in Fig. 9
is curve A and Fip (Zsan:) is curve B.

Dyrr(Zy) is also n(n + 1) = 20. By Proposition 8, it follows
that the antenna tuner has a full tuning capability.

To confirm the effectiveness of the antenna tuner, we con-
sider a variation in Zg,,,; and Z caused by a variation in fre-
quency. L being fixed, the antenna tuner performs as intended
if realizable new values of Cy; and C 4 exist, which provide
Zy =~ 50 €1 x 14 at the new frequency. A possible new value
of C4 is given by

Wl

wCa = (L) ' ~Ba+ Gy [(90Ga) ' (WL) 2~ 1]

and (22) can be used to obtain the new value of Cy;. Thu(s, ]2
being given by (29), we have determined new values of Cy; and
C 4 such that Zy ~ 50 Q x 14 at 1860 MHz:

10.59 —2.36 —1.38 —2.36
—2.36 1059 —2.36 —1.38
Cam| 138 —236 1059 -236|PF G3
~92.36 —1.38 -2.36 10.59
and
19.13 —6.48 —0.18 —6.48
—6.48 19.13 —6.48 —0.18
Cuo~| 18 _648 1013 _6as|PF (Y
—6.48 —0.18 —6.48 19.13

For these new values of C;; and C 4, three entries of Z;; are
plotted as a function of frequency in Fig. 11 and Fyp(Zy;) is
plotted as a function of frequency in Fig. 12. The wanted result
Zy ~ 50 Q) x 14 at 1860 MHz is indeed achieved. This is a
consequence of the full tuning capability.

Lastly, we note that, in Fig. 10 and Fig. 12, the bandwidth
for Fyp(Zy) < —15 dB is significantly narrower than the fre-
quency band of intended operation (1850 MHz to 1910 MHz).
This is not necessarily a drawback because, unlike a matching
network, an antenna tuner is meant to be tuned.

VII. APPLICATION TO THE ANALYSIS OF ANTENNA TUNERS

To analyze a reciprocal MAPMUP antenna tuner structure,
a mapping fy; defined by (3) can always be determined. Based
on Definition 1 of Section III, the LD of Dy r(Zgsant) can then
be easily computed as the rank of 8fy /0X,...,0fu/0X,,
using numerical partial derivatives. This is for instance what
was done in Section VI, where fi; was obtained from (20). It is
then possible to use Proposition 8 to determine whether the an-
tenna tuner has a full tuning capability. This characteristic does
not take into account the availability of a sufficient number of

Q

1850 1860 1870 1880 1390 1900 MHz

Fig. 11. Zy for the new values of C4 and Cy: Re(Zy 11) is curve A;
Im(Zy 11) is curve B; Re(Zy 12) is curve C; Im(Zy 12) is curve D;
Re(Zy 13) is curve E; and Im(Zy 13) is curve F.
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Fig. 12. Return figure versus frequency: Fup (Zy) for Zy shown in Fig. 11
is curve A and Fup (Zsant) is curve B.

elements of Dy g(Zsant) and of Dy g(Zy ), where these ele-
ments are most needed, but it is nevertheless a useful indication
of what the antenna tuner could do, or cannot do.

If p < m(m + 1), no computation is necessary to determine
that an antenna tuner does not have a full tuning capability. In
Section V, we also faced a similar situation when we studied the
uncoupled SAPSUP antenna tuners shown in Fig. 6.

In the example of Section VI, we have used the closed-form
expressions (22) and (32) to compute the reactances X1, ..., X,
of the adjustable impedance devices, which were used to ob-
tain Figs. 11-12 and validate the capability of the MAPMUP
antenna tuner. It must be stressed that such closed-form ex-
pressions are usually not available, for instance when losses are
taken into account, or when the circuit of the antenna tuner is too
complex. In this case, a numerical computation of Xy,..., X,
is possible but not very easy because the problem is not linear.
This is why the computation of the LD of Dygr(Zgant) and
Proposition 8 are very useful.

VIII. CONCLUSION

We have defined, for the most general reciprocal MAPMUP
antenna tuner, a user port impedance range Dy g(Zsqn:) and a
user port tuning range Dy r(Ziyw ). We have also defined their
LDs and proved some relations between them. These new fig-
ures of merit are easily computed and indicative of the antenna
tuner's ability to compensate small deviations in Zy; or Zg,ps-
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Our main result is that the LD of Dyyr(Zsan:) is equal to the
maximum possible value m (m + 1) if and only if the antenna
tuner has a full tuning capability. This property can be easily
applied to any reciprocal MAPMUP antenna tuner. It was used
to show that, for n > 3, a reciprocal MAPMUP antenna tuner
made of n uncoupled SAPSUP antenna tuners does not have a
full tuning capability.

We have also presented anew MAPMUP antenna tuner which
cannot be separated into uncoupled SAPSUP antenna tuners. It
has the structure of a multidimensional 7-network. For n an-
tenna ports and n user ports, the value of the LD of Dy g(Z gant)
indicates that this antenna tuner has a full tuning capability. This
is confirmed by a computation showing that the antenna tuner
can provide a wanted diagonal impedance matrix at different
frequencies.

APPENDIX

Let us review some properties of the return figure F(Z) de-
fined by (30) and (31). If Z is the impedance matrix of a pas-
sive device, it is well known that 1, — S(Z)S(Z)* is positive
semidefinite, so that by [36, Corollary 7.7.4], we conclude that

0< F(Z)<1. (35)

By (30), an ideal match corresponds to F(Z) = 0. Let a be
a normalized incident voltage wave measured in ¢ uncoupled
2-conductor transmission lines of characteristic impedance rg.
We know that b = Sa is the normalized reflected wave pro-
duced by a load presenting the impedance matrix Z, and that,
since rq is real, the Euclidian vector norms ||allz and ||b]|2
are the incident and reflected powers, respectively. The spectral
norm being the matrix norm induced by the Euclidian vector
norm, it follows that

[bll2 < F(Z)||all2 (36)
and
I[bll2
F(Z)) = max 37

We note that F'(Z) is different from the normalized total mul-
tiport reflectance defined and used in [38] and [39], the defini-
tion of which uses the Frobenius norm of S(Z). The Frobenius
norm of S(Z) is greater than or equal to F(Z) and it need not
be less than or equal to 1 for a passive device. Moreover, the
Frobenius norm is not an induced norm.
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