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Signal and Noise Analysis of an MIMO-SSFA

Frédéric Broydé, Senior Member, IEEE, and Evelyne Clavelier, Senior Member, IEEE

Abstract—This brief describes the influences of the source and
load impedance matrices on the main small-signal and noise
characteristics of a multiple-input-port and multiple-output-port
(MIPMOP) device. Expressions for the noise figures of an
MIPMOP device are provided in the impedance and admittance
representations. We define the natural noise figures as the noise
figures evaluated in the case where the multiport source behaves
like a noisy passive network at the temperature 7. This theory is
applied to a multiple-input and multiple-output series—series feed-
back amplifier (MIMO-SSFA), some characteristics of which are
computed and measured.

Index Terms—Amplifier noise, amplifiers, feedback circuits,
low-noise amplifier (LNA), noise figure, multiple-input and
multiple-output (MIMO) systems.

I. INTRODUCTION

HE multiple-input and multiple-output series—series feed-

back amplifier (MIMO-SSFA), as shown in Fig. 1, may be
used in applications such as a transmitting circuit for electrical
links [1] or a low-noise amplifier (LNA) for wireless receivers
[2], [3]. Used as a transmitting circuit for a multiconductor
interconnection connected to a matched termination, an MIMO-
SSFA may provide reduced crosstalk. Used as a multiport LNA
for a wireless receiver connected to several antennas (e.g., in an
MIMO radio system), an MIMO-SSFA may provide Hermitian
matching. Elements of the small-signal theory of the MIMO-
SSFA were presented in [4], but the influence of the source
and load on the signals and the noise characteristics were not
analyzed.

Section II addresses the effect of the source and load
impedance matrices on the matrices characterizing a linear
multiple-input-port and multiple-output-port (MIPMOP) de-
vice inserted between an n-port source and an m-port load.
These results are applicable to an MIMO-SSFA, and they allow
us to compute parameters that may be measured with conven-
tional instruments having uncoupled 50-€2 input/output ports.

Section III covers the characterization, at a given frequency
f, of the noise performances of a linear MIPMOP device. The
two-port case n = m = 1 has been covered in detail in the lit-
erature [5], [6], and Haus and Adler presented many results that
are applicable to MIPMOP devices [7]. However, they stopped
short of defining and discussing an adequate figure of merit,
since their original motivation was the systematic description
and optimization of the noise performances of a two-port linear
amplifier. Recently, Randa [8] has introduced a definition of
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Fig. 1. MIMO-SSFA having four inputs and four outputs, comprising a
feedback network (FB) and four ASCs.

the noise figures of an MIPMOP device and expressed it using
the scattering representation of the device. This formalism
is adequate for RF measurements of differential LNAs and
has been used by other authors [9]. We provide formulas for
computing the noise figures in the impedance or admittance
representations, which are more suited for circuit design. We
also introduce the definition of “natural noise figures.”

Section III covers the design of a validation prototype and
the measured gains and input impedances. Section IV covers
the natural noise figures of the prototype.

II. INFLUENCE OF THE SOURCE AND THE LOAD

We number the input and output ports of an MIPMOP device
from 1 to n and from 1 to m, respectively. We define the input
current ¢7; flowing into the positive terminal of port j; the input
voltage vr; between the positive terminal of port j and the
negative terminal of port j; the column vector I; of the input
currents ¢y1,...,%r,; and the column vector V; of the input
voltages vy1,...,vr,. We also define the output current ipy
flowing into the positive terminal of port k; the output voltage
vor between the positive terminal of port £ and the negative
terminal of port k; the column vector I of the output currents
101, - - - » tOm; and the column vector V ¢ of the output voltages
V01, - - -, Vom. If we assume that the MIPMOP device is linear,
it is characterized in the frequency domain by [4]

I;=Y;V;+YrVo (1)
Io =Y7rV;+YoVo 2

where Y7 is a square n X n matrix, Yo is a square m X m
matrix, Y g is an n X m matrix, and Y7 is an m X n matrix.
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The MIPMOP device may also be considered as an (n + m)-
port characterized by a single admittance matrix Y of size

(n+m) x (n+ m) such that
Yr
v > G

I;\ Vi (Y
(IO>Y<VO>’ Y(YT

When the output ports of the MIPMOP device are connected
to an m-port load presenting the impedance matrix Zj of
size m X m, the input ports of the MIPMOP device present
an admittance matrix Y 7, which is referred to as the loaded
input admittance matrix. The loaded input admittance matrix is
given by

Y=Y~ Yr(lm +Z.Y0) 'Z YT
=Yr—~YrZ,(1,, + YoZr) 'Yr €]

where 1,, is the identity matrix of size m X m. In the same
way, when the input ports of an MIPMOP device are connected
to an n-port source presenting the impedance matrix Zg of
size n X n, the output ports of the MIPMOP device present
an admittance matrix Y o, which we will call the loaded
output admittance matrix. The loaded output admittance matrix
is given by

Yio=Yo—-Yr(1,+ZsY;) 'ZsYr
=Yo — YrZs(1, +YZs) ' Yp. (5)

The voltage gain matrix Gy that is defined by Vo = Gy V7
is given by

Gy = _(1n + ZLYo)ilzLYT
= Z1(1,+Y0Zr) Y. (6)

If we apply these general results to an MIMO-SSFA, we have
n = m, and the negative terminals of all ports are grounded.
Using a vector network analyzer, it is possible to measure Y ;
for a given Z; and Yo for a given Zg. In practice, how-
ever, only some direct impedance measurements are possible:
n in situ input impedances and n in situ output impedances. We
define each in situ input impedance or in sifu output impedance
as the impedance seen by a single-port source connected to any
one of the inputs or outputs of the MIMO-SSFA, respectively,
when the other inputs and outputs are connected to 50-)
resistors. If Y; is determined for Z; = 50 x 1,, €2, one of
the in situ input impedances is, for instance, given by

1
1 1o
Zint = | Y1+ mdlagn(a L...,1) . (7
0/ 14

where diag,(ai,...,a,) is the diagonal matrix of order n
having the diagonal entries a;, and where [u]; is the ith entry of
the vector u. If Yo is determined for Zg = 50 x 1,, {2, one
of the in situ output impedances is, for instance, given by

1
T o
Zoutl = <YLO+md1agn(O,1,...,1)) . . (8
0 1

Clearly, the n in situ input impedances must be close to 50 €2
if we want to avoid reflections in 50-{2 coaxial cables used to
connect one of the input ports of the MIMO-SSFA to a source
of signal, when all other inputs ports and the output ports are
connected to 50-§2 terminations.

We define each in situ voltage gain vector as 1/x times the
column vector of the output voltages, when one of the inputs is
connected to a 50-C2 generator delivering = volts according to
the high-frequency convention (i.e., an open-circuit voltage of
2z volts), the other inputs and all outputs being connected to
50-Q resistors. If Y11 is determined for Z; = 50 x 1,, 2, and
if Zg = 50 x 1,, Q, one of the n in situ voltage gain vectors is,
for instance, given by

2/50 Q2

_ 0
Gvisi = Gy (Yo + Z3") ' : : )]

0
The square of the absolute value of each entry of the in sifu
voltage gain vector is the insertion power gain (IPG) between

the corresponding input and the corresponding output, which
can easily be directly measured.

III. NOISE FIGURES OF AN MIPMOP DEVICE

We shall use root-mean-square values and X* to denote the
Hermitian adjoint of a matrix X. In a small bandwidth A f
around a given frequency f, we define the column vector Iy of
the input noise currents 1N, - . - , 11Ny, flowing into the positive
terminal of the input ports of the MIPMOP device and the
column vector Viy of the input noise voltages viN1, - - -, VINn
between the positive and negative terminals of the input ports.
We use Isciny and Voo to denote the column vectors of
the short-circuit input noise currents ¢ScINi, - - - , ¢SCINn and
of the open-circuit input noise voltages voCIN1, - - - s VOCINn»
respectively. We also define the column vector Ioyn of the
output noise currents ¢oN1, - - - , LONm flOwing into the positive
terminal of the output ports and the column vector Von of
the output noise voltages voN1, - - - , VoNm Detween the positive
and negative terminals of the output ports. We use Iscon and
Vocon to denote the column vectors of the short-circuit output
noise currents iSCON1,- - - iscoNm and of the open-circuit
output noise voltages vocoN1,---,VOCONm, respectively.

Let us write
Vin Voain
Vy = (V Vocen =
ON
I — (DN Lo — [ IscIN
ON SCON
For the case n = m = 2, we obtain the equivalent circuit
in the impedance representation shown in Fig. 2(a), consisting

of n + m = 4 voltage sources and one noiseless (n + m)-port.
Such an equivalent circuit corresponds to

(10)

(In

VN =21, + Vocon (12)

where Z = Y, Y being defined by (3). Alternatively, we
obtain the equivalent circuit in the admittance representa-
tion shown in Fig. 2(b), consisting of n+m =4 current
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Fig. 2. Equivalent circuit for a noisy MIPMOP device.

sources and one noiseless (n + m)-port. This equivalent circuit
corresponds to

In =YVy +1Igen. (13)
We obtain
Vocn = —ZIscn
14
{ISCN = -YVocn. (14)

The second-order statistics of the noise produced by the
MIPMOP device is determined by the covariance matrix of
the open-circuit voltages (VocnV§en) of, equivalently, by
the covariance matrix of the short-circuit currents (IscnI§ay)s
where the brackets ( ) indicate an average over an ensemble of
noise processes. The covariance matrices are related by

{ <VOCNV*OCN> =27 <ISCNI§CN> zZ

(IsenIgen) = Y (Voen Voen) Y (1)
In the definition of the noise figure of a two-port, the spectral

To = 290 K. In the case of devices having several input ports,
we have to consider that the noises delivered by the different
ports of the n-port source may be correlated and may have dif-
ferent noise temperatures. We shall use the following definition.

Definition 1: If « is an integer such that 1 < o < m, the
noise figure F,, of the MIPMOP device for the output « is the
ratio of the self-power spectral density Re({(vonaioNa))/Af
at the output « to the portion of this self-power spectral density
that is due to the input noise, evaluated for the case where (a) the
available power spectral density of the n-port source is nk7j
and (b) the available power of the noise delivered by the load
is zero.

This definition of the m spot noise figures is identical to
the definition introduced by Randa [8] using the scattering
representation, except that the condition (a) is not required in
his definition. We use it because it guaranties that our general
definition becomes the usual definition in the two-port case.

Let us first assume that the impedance matrix of the source
is Zg, that the column vector of the open-circuit noise voltages
produced by the source is Egy, and that the impedance matrix
of the (noiseless) load is Zy,. Clearly, we have

) (16)

_ ([ Esn | Zs
VN = <0m1 ) Zg 1, Zgy, = (Omn
where 0, is used to denote the null matrix of size p x q.

In the impedance representation, it is possible to prove that
F, is given by (17), shown at the bottom of the page, where
[X];; is the entry of row ¢ and column j of the matrix X, and

OTLIL

where
ZHL - (Onm/ )

Alternatively, we can use Y g to denote the admittance matrix
of the source, Jgn to denote the column vector of the short-
circuit noise currents produced by the source, and Y 7, to denote
the admittance matrix of the (noiseless) load. Here, we have

IN:< Ys O”m). (19)

Omn YL
In the admittance representation, it is possible to prove that
F,, is given by (20), shown at the bottom of the page, where

O’I’Lm
Zy

OTL"L

7, (18)

Jsn

0 ) -Ys1.Vy, YsL= (
ml

density of the available power of the noise delivered by the Yoo — 0nn  Onm @1
source is kTy, where k is the Boltzmann’s constant, and HL = 0 Y1 /)~
Re ([ZHL(Z + ZSL)71 <VOCNV*OCN> (Z + ZSL)il*] nia n+a)
Fo=1+ o (17)
Re <|:ZHL(Z + ZSL)71 (< SN SN> nm ) (Z + ZSL)I*:| )
mn mm n+a nta
Re ([(Y + Ysu) ™ (TsenTien) (Y + Yor) Yin], 00
F,=1+ Tondin) 0 (20)
Re ({(Y +Ygsr) ! ( SON SN O”m > (Y + YSL)l*YﬁL:| )
mn mm n+a nta
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Fig. 3. MIMO-SSFA used for the experimental validation.

It is also possible to show that, if the source produces the
noise of a noisy passive network at the temperature 7, then

<ESNE§N> =2kToAf (ZS + Zg)
<JSNJ§N> =2kToAf (YS + Yfg) .

(22)
(23)

Consequently, in this case, the available power spectral den-
sity of the n-port source is nkTy, and the constraint (a) of
the definition of the noise figures of an MIPMOP device is
automatically satisfied. This leads us to Definition 2.

Definition 2: The natural noise figures are the noise figures
evaluated for the case where the source produces the noise of a
noisy passive network at the temperature 7j.

The matrices Zg and Zy, appear in (17) and (20). Examples
show that, in general, the noise figure and the natural noise
figure depend on Zg and Zjy. This is in contrast with the
noise figure in the two-port-case, which depends on the source
impedance, but not on the load impedance.

The reason for this fundamental difference appears if we
consider the special case in which Zg and Zj, are both diagonal.
In this case, we may define the noise figure 7,3 between an
input 3 and an output « as the usual noise figure of a two-port,
evaluated when all unused inputs and outputs are connected to
uncorrelated single-port terminations. In addition, we have

1 1
D Syt
B=1

We see that the two-port used to define F,, 5 is modified by
any change of a diagonal entry of Zj, other than the ath, so that
such a change modifies F,,3. We are therefore not surprised that
the F, given by (24) depends on Z ..

(24)

IV. VALIDATION PROTOTYPE

The validation prototype shown in Fig. 3 has four inputs (i.e.,
IN1-IN4) and four outputs (i.e., OUT1-OUT4). This MIMO-
SSFA is made of discrete components, using an HFA3127B
transistor array comprising five transistors. One transistor of the
array (Q1, not shown in Fig. 3) is used to obtain a base-biasing

voltage producing, in each of the transistors Q2—-Q5 shown in
Fig. 3, a collector current of 10 mA for VCC =5 V. Each
active subcircuit (ASC) comprises a transistor, a shunt—shunt
feedback branch (C8, R6), a base-biasing circuit (R5, C7), and
a collector-biasing circuit (X1, C9). The circuit element X1 is
an elaborate choke coil made of several inductors and resistors.
The feedback network producing the series—series feedback is
made of eight surface-mounted device resistors (R13-R20).

This MIMO-SSFA is invariant under a circular permutation
of the inputs and outputs. Such a structure is typical of a trans-
mitting circuit capable of providing four channels with a low
crosstalk in a shielded star-quad cable, which presents a rota-
tional symmetry.

Based on the SPICE parameters provided by the manufac-
turer, we computed the admittance matrix Y 4 of the ASCs, as
defined by [4, eq. (3)], versus frequency. The matrices Y, Yo,
Y i, and Y of the MIMO-SSFA were obtained using

Y7 =yas1ln + Yaseyaoi Zrs[ln — yaoeZrp] t (25)
Yo =yassl, + yazeyazsZes[l, — yazoZrs] ' (26)
Y =yanl, + yar2ya21Zes[l, — yazZes] ' (27)
Yr =ya13ls + yai2ya23Zrg[l, — yazoZrs] ' (28)

where Zpp is the impedance matrix of the feedback network,
and where we use y4;; to denote the entries of Y 4. Thus,
we were able to obtain Y7, Yro, Gv, Zin1, Zout1, and
Gvisi, as given in (4)—(9), respectively, and we could adjust
the shunt—shunt feedback branch and the feedback network to
obtain the desired characteristics.

One of the design targets was an in situ input impedance
close to 50 2 in the 1- to 100-MHz band. The measured values
are (46 4 j6) Q at 30 MHz and (55 + j15) Q at 100 MHz.
Fig. 4 shows the computed IPGs between the input IN1 and
the four outputs OUT1-OUTH4 (solid curves) and the measured
IPGs (dashed curves). Our computation did not include the
package and breadboard parasitics, so that the drop of all
measured IPGs above 100 MHz is attributable to the stray self-
inductances and the mutual inductances in the feedback net-
work. The inaccuracies shown in Fig. 4 in the computed IPGs
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Fig. 4. Computed and measured IPGs.

below 100 MHz (up to 1.4 dB at 10 MHz) are mainly caused by
the manufacturer-supplied SPICE model for the transistors. We
later disconnected Q1 and characterized it in a common—emitter
test circuit. We then defined a new SPICE model, providing a
good agreement between the measurement and the simulation
for the said test circuit. For the MIMO-SSFA at 10 MHz,
the IPGs computed with the new SPICE model were within
0.3 dB of the measured IPGs (8.55 dB for OUTI1, —6.55 dB
for OUT2, —14.01 dB for OUT3, and —6.37 dB for OUT4).

V. NOISE FIGURES OF THE VALIDATION PROTOTYPE

We also measured the noise figure of Q1 in the said
common—emitter configuration for a 50-(2 source impedance:
We obtained F' = 2.9 at 10 MHz. The result was used to adjust
the 7, of the Nielsen’s transistor model [10], to which an emitter
capacitance was added to obtain an emitter-limited transistor
model [11]. Using (15) to obtain the appropriate representation,
the covariance matrix of the series or parallel connection of two
uncorrelated circuits is clearly obtained as a sum of covariance
matrices [12], [13]. In this manner, we successively computed
the following:

1) the covariance matrix of the open-circuit voltages

(V 4V?) of the floating three-terminal circuit comprising
a transistor and a shunt—shunt feedback branch used in the
ASCs, this matrix being given by

(VarVai) (VaiVaz) )
(VarVaz) (Va2Vaz)

where the bar denotes complex conjugation;

2) the covariance matrix (VpV7;) of the open-circuit volt-
ages of the circuit consisting of the four aforementioned
floating three-terminal circuits connected in series with
the feedback network, using

(VaVY) = ( 29)

<y _ [ (ErsEgp) <EFBE*FB>>
<VBVB> - <<EFBE;‘B> <EFBE;‘B>7
(<VA1V,41>1n <VA1VAQ>1n> (30)
(VaiVa2)l, (Va2Vaz)l,
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and the assumption that the feedback network of the
MIMO-SSFA behaves as a noisy passive network at the
temperature Tj, so that, in line with (22), the covariance
matrix of the open-circuit voltages at the terminals of the
feedback network is

(ErpEpg) = 2kToAf (Zrp + Zig) 3D

3) the matrix (IscnI§ey) of the MIMO-SSFA, once the

biasing circuits are included.

Using (20) and (23), the natural noise figures of the MIMO-
SSFA were computed. We found F; = F, = F3 = Fy = 5.7 at
10 MHz, for ZS = ZL =50 x ].4 Q.

Using the measured values of Fii, Fio, Fis3, and Fi4 and
(24), we obtained the natural noise figure F; = 6.0 at 10 MHz,
for Zs = Z1 = 50 x 14 2, which is in good agreement with
the computed value.

VI. CONCLUSION

At the design stage, we have shown how Zg and Z; may be
taken into account to compute Y7, Y0, Gy, and the noise
figures F,. We have defined the natural noise figures.

In the case Zg = Z = 50 x 1,, §2, the in situ parameters
and the noise figures I, 3 may easily be measured with conven-
tional instruments, so that the natural noise figures F,, may be
derived.
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