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ABSTRACT We investigate the current distribution in, and the impedance of, a single-turn circular wire
loop antenna lying in a homogeneous and lossless medium, in the framework of a theory developed by Wu
and King et al. Using a detailed analysis of the Wu-King factors, we explain: how the current distribution
proposed by Wu for the delta-gap source can be computed accurately; and how the number of terms and the
terminal-zone network needed to obtain a good estimate of the antenna impedance can be determined.

INDEX TERMS Antenna theory, loop antenna, measuring antenna, electromagnetic compatibility, EMC.

I. INTRODUCTION
This article is about a single-turn circular wire loop antenna
of radius a lying in a homogeneous and lossless medium of
intrinsic impedance η, permeability µ and permittivity ǫ, in
which the velocity of light is c. In a previous article [1], the
authors have used known explicit mathematical models of the
current distribution in the loop antenna and the impedance
presented by the loop antenna, to obtain mathematical models
for emission and reception by the loop antenna. These models
were claimed to be applicable up to the frequency

fmax =
2.5c

2πa
. (1)

These models use Wu-King factors denoted by An, where
n ∈ N, and [1]–[2] provide accurate and efficient formulas
for the computation of the Wu-King factors.

Let ψ be the angle shown in Fig. 1. According to Wu and
King et al [3]–[4], if the loop antenna is made of a perfect
electric conductor (PEC), and is excited by a delta-gap source
of voltage V0 located at ψ = 0, the current distribution is
accurately given by

iW(ψ) =
V0
jπη

{

1

A0
+ 2

∞
∑

n=1

cosnψ

An

}

. (2)

This formula is not restricted to frequencies less than fmax.
In fact, fmax is not mentioned in [3]. In [3, Sec. 2], Wu
states that the series in (2) converges for every ψ lying in the
open interval (0, 2π), but not at ψ = 0 and ψ = 2π. At the
end of the section “Analytical formulation” of [5], a physical
interpretation of the lack of convergence at ψ = 0 and

ψ = 2π is provided. However, an appropriate mathematical
explanation of the convergence of the series over (0, 2π), and
of its lack of convergence at ψ = 0 and ψ = 2π, is neither
present in [3] nor in [5].

The distribution of the current actually used in [1]–[2], [5],
[6, Ch. 4] and [7, Sec. 11.4] is

iE(ψ) =
V0
jπη

{

1

A0
+ 2

N
∑

n=1

cosnψ

An

}

, (3)

where the positive integer N is chosen to be “sufficiently
large but not too large”, the value N = 20 being considered
sufficient for any frequency less than fmax. Furthermore,
observing that the conventional admittance Yδ defined by

Yδ =
1

jπη

{

1

A0
+ 2

N
∑

n=1

1

An

}

(4)

as a consequence of (3) does not take into account the actual
configuration close to the terminals of a real loop antenna,
these documents assert that, to obtain a good measure of
the impedance of the loop antenna, denoted by Zant, the
conventional admittance Yδ should be corrected to take into
account this actual configuration by introducing a suitable
terminal-zone network in the model.

This article investigates (1)–(4), terminal-zone networks
and Zant. It is organized as follows. The Wu-King factors
are analyzed from Section II to Section V. The current
distribution is discussed in Section VI and Section VII.
The conventional admittance Yδ , terminal-zone networks and
Zant are discussed in Section VIII.
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II. THE WU-KING FACTORS
A. ASSUMPTIONS AND DEFINITIONS

The single-turn circular wire loop antenna is similar to the
one shown in Fig. 1. It is made of a PEC having a circular
cross-section of diameter dw. The center line of the PEC is
an arc of a circle of radius a, in the plane z = 0. The loop
antenna is used for emission or reception of time-harmonic
signals at a radian frequency ω > 0, corresponding to a
frequency f and to a wave number k in said medium. A time
factor ejωt is assumed and suppressed throughout the paper.

We assume that: the wire is sufficiently thin for dw ≪ 2a
to hold; and the wire radius is electrically small, that is,
kdw ≪ 1. The antenna’s positive and negative terminals
correspond to the angles ψmin > 0 and ψmax = 2π − ψmin

shown in Fig. 1. The physical space between these terminals
is the gap. Since we postulate a narrow gap, ψmin ≪ π/18.

The Wu-King factors are frequency-dependent dimension-
less complex numbers, given by (5)–(7) shown at the bottom
of this page [1, Sec. III], in which I0 and K0 are modified
Bessel functions. For r and s lying in N, where s > 1,
the coefficients χs r showing up in (5)–(7) are dimensionless
numbers that are independent of the frequency, a and dw, and
are such that: if s is even, then χs r is real and given by

χs r =
(−1)

s
2+r

sΓ
(s

2
+ r + 0.5

)

Γ
(s

2
− r + 0.5

) ; (8)

whereas, if s is odd, then χs r is 0 if s 6 2r−1, or imaginary
and given by

x

y

ψmax

ψ

ψmin

2
a
−
d
w

2
a
+
d
w

FIGURE 1. The single-turn circular wire loop antenna. In the theoretical case
of a delta-gap source, ψmin → 0 and ψmax → 2π.

χs r = −j (−1)
s−1
2 −r

s

(

s− 1

2
+ r

)

!

(

s− 1

2
− r

)

!

(9)

if s > 2r + 1. In (5)–(7), for a positive integer p, the
coefficient Ξp is a dimensionless real number given by

Ξp = ln(4p) + γ − 2

p−1
∑

m=0

1

2m+ 1
, (10)

where γ is Euler’s constant.

A0 = ka

K0

(

dw
2a

)

I0

(

dw
2a

)

+ Ξ1

π
+

∞
∑

q=2

χ(q−1) 1(ka)
q , (5)

A1 = − 1

ka

K0

(

dw
2a

)

I0

(

dw
2a

)

+ Ξ1

π
+

ka









K0

(

dw
a

)

I0

(

dw
a

)

+ ln
16a

dw
+ Ξ2

2π
− χ2 1









+

∞
∑

q=2

(

χ(q−1) 0 + χ(q−1) 2

2
− χ(q+1) 1

)

(ka)q , (6)

and, for n ∈ N such that n > 2,

An = −n
2

ka

K0

(

ndw
2a

)

I0

(

ndw
2a

)

+ Ξn

π
+

ka









K0

(

(n+ 1)dw
2a

)

I0

(

(n+ 1)dw
2a

)

+K0

(

(n− 1)dw
2a

)

I0

(

(n− 1)dw
2a

)

+ Ξn+1 + Ξn−1

2π
− n2χ2n









+

∞
∑

q=2

(

χ(q−1) (n−1) + χ(q−1) (n+1)

2
− n2χ(q+1)n

)

(ka)q . (7)
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TABLE 1. Some approximate values of χs r defined in Section II.A. Note that Table 1 of [1] contains some typos.

s

r
0 1 2 3 4 5 6

1 −1.000000 j 0 0 0 0 0 0

2 −6.366198× 10−1 2.122066× 10−1 4.244132× 10−2 1.818914× 10−2 1.010508× 10−2 6.430503× 10−3 4.451887× 10−3

3 3.333333× 10−1 j −1.666667× 10−1 j 0 0 0 0 0

4 1.414711× 10−1 −8.488264× 10−2 1.212609× 10−2 1.347343× 10−3 3.674573× 10−4 1.413297× 10−4 6.595387× 10−5

5 −5.000000× 10−2 j 3.333333× 10−2 j −8.333333× 10−3 j 0 0 0 0

6 −1.509025× 10−2 1.077875× 10−2 −3.592916× 10−3 3.266287× 10−4 2.512529× 10−5 5.025057× 10−6 1.477958× 10−6

7 3.968254× 10−3 j −2.976190× 10−3 j 1.190476× 10−3 j −1.984127× 10−4 j 0 0 0

8 9.238926× 10−4 −7.185832× 10−4 3.266287× 10−4 −7.537586× 10−5 5.025057× 10−6 2.955916× 10−7 4.667236× 10−8

9 −1.929012× 10−4 j 1.543210× 10−4 j −7.716049× 10−5 j 2.204586× 10−5 j −2.755732× 10−6 j 0 0

10 −3.649946× 10−5 2.986320× 10−5 −1.608018× 10−5 5.360061× 10−6 −9.458931× 10−7 4.978385× 10−8 2.370659× 10−9

15 2.624507× 10−9 j −2.296443× 10−9 j 1.530962× 10−9 j −7.654811× 10−10 j 2.783568× 10−10 j −6.958919× 10−11 j 1.070603× 10−11 j

20 3.893111× 10−14 −3.522339× 10−14 2.603468× 10−14 −1.562081× 10−14 7.521129× 10−15 −2.852842× 10−15 8.282444× 10−16

25 −1.743356× 10−19 j 1.609252× 10−19 j −1.264412× 10−19 j 8.429413× 10−20 j −4.741545× 10−20 j 2.231315× 10−20 j −8.677337× 10−21 j

30 −2.973087× 10−25 2.781275× 10−25 −2.275589× 10−25 1.625421× 10−25 −1.010397× 10−25 5.440597× 10−26 −2.521252× 10−26

TABLE 2. Some approximate values of αq n defined in Section II.B.

q

n
0 1 2 3 4 5 6

2 0 −3.333333× 10−1 j 0 0 0 0 0

3 2.122066× 10−1 −2.122066× 10−1 6.669350× 10−2 1.414711× 10−2 6.430503× 10−3 3.745238× 10−3 2.473270× 10−3

4 −1.666667× 10−1 j 1.333333× 10−1 j −5.000000× 10−2 j 0 0 0 0

5 −8.488264× 10−2 6.601983× 10−2 −2.739598× 10−2 3.307116× 10−3 3.423320× 10−4 9.107916× 10−5 3.491676× 10−5

6 3.333333× 10−2 j −2.619048× 10−2 j 1.190476× 10−2 j −2.380952× 10−3 j 0 0 0

7 1.077875× 10−2 −8.622998× 10−3 4.246173× 10−3 −1.105513× 10−3 8.542597× 10−5 5.911832× 10−6 1.104579× 10−6

8 −2.976190× 10−3 j 2.425044× 10−3 j −1.278660× 10−3 j 3.968254× 10−4 j −5.511464× 10−5 j 0 0

9 −7.185832× 10−4 5.953975× 10−4 −3.326588× 10−4 1.175863× 10−4 −2.240584× 10−5 1.291269× 10−6 6.800829× 10−8

10 1.543210× 10−4 j −1.297699× 10−4 j 7.615841× 10−5 j −2.981201× 10−5 j 7.014590× 10−6 j −7.515633× 10−7 j 0

15 1.767903× 10−8 −1.563914× 10−8 1.078257× 10−8 −5.719686× 10−9 2.277404× 10−9 −6.518086× 10−10 1.239047× 10−10

20 −3.597186× 10−13 j 3.273629× 10−13 j −2.463008× 10−13 j 1.523683× 10−13 j −7.674315× 10−14 j 3.098475× 10−14 j −9.792538× 10−15 j

25 −2.047053× 10−18 1.896434× 10−18 −1.506481× 10−18 1.023244× 10−18 −5.913369× 10−19 2.885923× 10−19 −1.176765× 10−19

30 4.234694× 10−24 j −3.971246× 10−24 j 3.273451× 10−24 j −2.367786× 10−24 j 1.498651× 10−24 j −8.265260× 10−25 j 3.949037× 10−25 j

Some approximate values of χs r are shown in Table 1.
Alternative formulas for the computation of the coefficients
χs r are obtained in Appendix A.

B. THE POWER SERIES

For any n ∈ N, a power series Sn(ka) in the variable ka is
present in (5) if n = 0, or (6) if n = 1, or (7) if n > 2. It has
no constant term and starts with a term proportional to ka.

An approximation of An may be defined by dA(n) ∈ N

such that Sn(ka) is computed as the sum of its terms of
degree d 6 dA(n) in ka. Alternatively, an approximation
of An may be defined by dB(n) ∈ N such that Sn(ka) is
computed as the sum obtained by replacing each χs r such
that s > dB(n) with 0, in (5)–(7).

For any integer q > 2, we now define

αq 0 = χ(q−1) 1 (11)

and, for any positive integer n,

αq n =
χ(q−1) (n−1) + χ(q−1) (n+1)

2
− n2χ(q+1)n . (12)

Some approximate values of αq n are shown in Table 2. It
follows from (8)–(9) and (11)–(12) that:

• for any n ∈ N and any integer q > 2, the coefficient
αq n is a dimensionless number that is independent of
the frequency, a and dw ;

• for any n ∈ N and any integer q > 2, the coefficient
αq n is real if q is odd, or imaginary if q is even;

• we have α2 0 = 0 because χ1 1 = 0 ;
• we have α2 1 = −j/3, since χ1 0 = −j, χ1 2 = 0 and
χ3 1 = −j/6 ; and

• for any positive integers p and n such that n > p + 1,
we have α(2p)n = 0.

For any n ∈ N, the power series

Sn(ka) =

∞
∑

q=2

αq n(ka)
q (13)

in the real variable ka is present in the formula that, among
(5)–(7), defines An. Except for its first term, the series
Sn(ka) is identical to Sn(ka). Unlike Sn(ka), though,
Sn(ka) does not depend on dw/(2a).
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FIGURE 2. Sn(ka) as a function of ka, computed for dA(n) = 30. S0(ka) is
curve “a”, S1(ka) is curve “b”, S2(ka) is curve “c”, S3(ka) is curve “d”, S4(ka)
is curve “e”, S5(ka) is curve “f”, S6(ka) is curve “g”, S7(ka) is curve “h”, and
S8(ka) is curve “i”.

It is shown in Appendix B that the radius of convergence of
Sn(ka) is infinity. Thus, the radius of convergence of Sn(ka)
is infinity.

For any n ∈ N and a specified dA(n) > 2, an approxima-
tion of Sn(ka) is the polynomial Sn(ka) given by

Sn(ka) =
dA(n)
∑

q=2

αq n(ka)
q . (14)

To discuss the accuracy of this approximation, we consider
the absolute error

En(ka) = Sn(ka)− Sn(ka) = −
∞
∑

q=dA(n)+1

αq n(ka)
q , (15)

and, for any integer q > 1, we define

En(ka, q) =

√

√

√

√

[

|α(q+1)n| (ka)q+1
]2

+
[

|α(q+2)n| (ka)q+2
]2
. (16)

Let ceil(y) be the smallest integer greater than or equal to
a real number y. Appendix C shows that, if

dA(0) > 2 ceil
(

√

(ka)2 + 1
)

, (17)

in the case n = 0, or if

dA(n) >

max
(

2 ceil
(

√

4(ka)2 + (n− 1)2
)

, 2n+ 2
)

, (18)

in the case n > 1, then, we have

|En(ka)| 6 En (ka, dA(n)) . (19)

Sn(ka) is shown as a function of ka for n ∈ {0, . . . , 8},
computed for dA(n) = 30 in Fig. 2 and for dA(n) = 60 in

FIGURE 3. Sn(ka) as a function of ka, computed for dA(n) = 60. S0(ka) is
curve “a”, S1(ka) is curve “b”, S2(ka) is curve “c”, S3(ka) is curve “d”, S4(ka)
is curve “e”, S5(ka) is curve “f”, S6(ka) is curve “g”, S7(ka) is curve “h”, and
S8(ka) is curve “i”.

Fig. 3. We observe that the curves in Fig. 2 differ markedly
from the corresponding ones in Fig. 3 for ka > 6.

For ka = 2.5 and n 6 8, the value dA(n) = 30 satisfies
the conditions (17)–(18). Thus, it follows from (19) that
En (2.5, 30) is an upper bound on |En(2.5)| for n 6 8 and
dA(n) = 30. Using this, we find that |En(ka)| 6 6.2×10−13

for ka 6 2.5, n 6 8 and dA(n) = 30. Thus, Fig. 2 is very
accurate at least up to ka = 2.5.

For ka = 5.5 and n 6 8, the value dA(n) = 30
satisfies the conditions (17)–(18). Thus, En (5.5, 30) is an
upper bound on |En(5.5)| for n 6 8 and dA(n) = 30. Using
this, we find that |En(ka)| 6 0.027 for ka 6 5.5, n 6 8 and
dA(n) = 30. It follows that Fig. 2 is reasonably accurate at
least up to ka = 5.5.

For ka = 5.5 and n 6 20, the value dA(n) = 60
satisfies the conditions (17)–(18). Thus, En (5.5, 60) is an
upper bound on |En(5.5)| for n 6 20 and dA(n) = 60. Using
this, we find that |En(ka)| 6 1.1 × 10−20 for ka 6 5.5,
n 6 20 and dA(n) = 60.

Using 100 values of ka per decade, an evaluation of the
relative error of Sn(ka) computed for dA(n) = 30, regarded
as an approximation of Sn(ka) computed for dA(n) = 60,
shows that, for n 6 20, the absolute value of this relative
error is less than 10−8 up to ka = 2.5, and less than 0.9% up
to ka = 5.5.

For ka = 10 and n 6 20, the value dA(n) = 60 satisfies
the conditions (17)–(18). Thus, En (10, 60) is an upper bound
on |En(10)| for n 6 20 and dA(n) = 60. Using this, we
find that |En(ka)| 6 7.3 × 10−5 for ka 6 10, n 6 20 and
dA(n) = 60. It follows that Fig. 3 is very accurate.

We have shown that Sn(ka) can be computed with any
desired accuracy, at frequencies far beyond fmax given by
(1), which corresponds to ka = 2.5.
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FIGURE 4. Information on the Wu-King factors. The absolute value of the
contents of the curly brackets in (4) forN = 20 is curve “a”. |1/A0| is curve “b”,
|1/A1| is curve “c”, |1/A2| is curve “d”, |1/A3| is curve “e”, |1/A4| is curve
“f”, |1/A5| is curve “g”, |1/A6| is curve “h”, |1/A7| is curve “i”, and |1/A8| is
curve “j”.

C. COMPACT FORMULATIONS

Some additional definitions are needed to obtain compact
formulations of the Wu-King factors. For any positive integer
n, we define the capacitance

Cn =
2ǫa

n2
1

K0

(

ndw
2a

)

I0

(

ndw
2a

)

+ Ξn

. (20)

We also define the inductance

L0 = µa

[

K0

(

dw
2a

)

I0

(

dw
2a

)

+ Ξ1

]

, (21)

the inductance

L1 =

µa

4

[

K0

(

dw
a

)

I0

(

dw
a

)

+ ln
16a

dw
+ Ξ2 − 2πχ2 1

]

, (22)

and, for any n ∈ N such that n > 2, the inductance

Ln =
µa

4

[

K0

(

(n+ 1)dw
2a

)

I0

(

(n+ 1)dw
2a

)

+K0

(

(n− 1)dw
2a

)

I0

(

(n− 1)dw
2a

)

+ Ξn+1 + Ξn−1 − 2πn2χ2n

]

. (23)

Let P be the function defined on the set R∗
+ of the positive

real numbers by ∀x ∈ R
∗
+, P (x) = K0(x) I0(x). It appears

once in (20)–(22), and twice in (23). P is differentiable and,
for any x ∈ R

∗
+, K0(x) and I0(x) are known to be real and

positive [8, Sec. 9.6.1], hence P (x) is real and positive.

FIGURE 5. |CR/A5| is curve “g”, |CR/A6| is curve “h”, |CR/A7| is curve “i”,
|CR/A8| is curve “j”, |CR/A9| is curve “k”, |CR/A10| is curve “l”, |CR/A11| is
curve “m”, |CR/A12| is curve “n”, |CR/A13| is curve “o”, |CR/A14| is curve “p”,
|CR/A15| is curve “q”, |CR/A16| is curve “r”, |CR/A17| is curve “s”, |CR/A18|
is curve “t”, |CR/A19| is curve “u”, and |CR/A20| is curve “v”.

Thus, it follows from (8) and (10) that the capacitances
defined by (20) and the inductances defined by (21)–(23) are
real. They are frequency-independent, and such that

A0 =
ω

πη
L0 + S0(ka) , (24)

and, for any positive integer n,

An = − 2

ωπη Cn
+

2ω

πη
Ln + Sn(ka) . (25)

III. EXAMPLE — PART 1
We consider a loop antenna made of a PEC in vacuum, with
a = 280mm and dw = 14mm, for which ka = 2.5 at
fmax ≃ 426.0MHz.

The 10 curves shown in Fig. 4 allow us to see that, up to
about 30MHz, |1/A0| is much greater than |1/An| for n > 1,
hence the contents of the curly brackets in (4) is very close
to |1/A0|. Up to about 100MHz, |1/A0| has a slope of about
−20 dB/decade, characteristic of the term including L0 in
(24). Up to about 60MHz, |1/A1| to |1/A8| have a slope of
about 20 dB/decade, characteristic of the term including Cn

in (25). To study this behavior, we introduce the real quantity

CR =
−2ǫ

πk
=

−2

πωη
=

−1

π2fη
, (26)

in which ω is the radian frequency and f the frequency.
Let n be a positive integer. CR having the dimensions

of capacitance, CR/An is a complex frequency-dependent
capacitance, which by (25) tends to Cn as ω → 0.

Fig. 5 shows the absolute values of the 16 capacitances
CR/A5 to CR/A20, expressed in pF, up to about 426.6 MHz.
We see that, in our example, CR/A5 to CR/A20 are nearly
frequency independent up to 200 MHz, and that CR/A10 to
CR/A20 are nearly frequency independent up to fmax.
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TABLE 3. Computed values of the inductances Ln, the capacitances Cn and
CR/An at f0 = 100 kHz.

n Ln Cn CR/An at f0
0 1326.389 nH

1 663.355 nH 1.315327 pF 1.315328 pF

2 476.212 nH 0.399072 pF 0.399072 pF

3 396.559 nH 0.203243 pF 0.203243 pF

4 343.911 nH 0.127500 pF 0.127500 pF

5 304.426 nH 0.089547 pF 0.089547 pF

6 272.890 nH 0.067505 pF 0.067505 pF

7 246.724 nH 0.053415 pF 0.053415 pF

8 224.444 nH 0.043780 pF 0.043780 pF

9 205.116 nH 0.036853 pF 0.036853 pF

10 188.109 nH 0.031677 pF 0.031677 pF

11 172.976 nH 0.027689 pF 0.027689 pF

12 159.390 nH 0.024538 pF 0.024538 pF

13 147.101 nH 0.021997 pF 0.021997 pF

14 135.918 nH 0.019911 pF 0.019911 pF

15 125.686 nH 0.018173 pF 0.018173 pF

16 116.281 nH 0.016706 pF 0.016706 pF

17 107.602 nH 0.015453 pF 0.015453 pF

18 99.566 nH 0.014373 pF 0.014373 pF

19 92.101 nH 0.013434 pF 0.013434 pF

20 85.148 nH 0.012610 pF 0.012610 pF

Thus, Fig. 5 and Table 3 shows that, in our example, the
approximation

An ≃ − 2

ωπη Cn
(27)

is valid for n = 5 to n = 20 up to 200 MHz, and for n = 10
to n = 20 up to fmax.

The curves shown in Fig. 4 and Fig. 5 were plotted up to
about 426.6MHz with 100 points per decade of frequency.
At these points, and for all n ∈ {0, . . . 20}, the Wu-King
factors have been computed a first time using dB(n) = 30,
as in [2, Sec. 3], and a second time using dA(n) = 30. For
each Wu-King factor and at each of these frequency points,
the absolute value of the relative difference between these
computations is less than 7.1 × 10−13. It follows from the
discussion of Section II.B that the results of both computa-
tions are extremely accurate.

IV. FURTHER STUDY OF THE WU-KING FACTORS
A. THE PRODUCT OF BESSEL FUNCTIONS

We wrote in Section II.C that the function P is real and
positive. P is strictly decreasing on R

∗
+ [9]. For small values

of x ∈ R
∗
+, it satisfies

P (x) = −
(

ln
x

2
+ γ
)

(

1 +
x2

2

)

+
x2

4
+ o (x3) , (28)

which was used in [1, Sec. III.C], whereas, for large values
of x ∈ R

∗
+, it satisfies [8, Eq. 9.7.5]

P (x) =
1

2x
+

1

16x3
+

27

128x5
+O

(

1

x7

)

, (29)

in which we have used Landau’s little-o and big-O notations
[10, Sec. 5.1].

FIGURE 6. P (x) is curve “a”. The small-value approximation PS(x) is curve
“b”. The large-value approximation PL(x) is curve “c”.

FIGURE 7. The relative error of PS(x) as an approximation of P (x) is curve
“b”. The relative error of PL(x) as an approximation of P (x) is curve “c”. Curve
“b” is also the relative error of QS(x) as an approximation of Q(x), and curve
“c” is also the relative error of QL(x) as an approximation of Q(x).

By (28)–(29), P (x) → ∞ as x → 0, and P (x) → 0 as
x → ∞. Fig. 6 shows, as a function of x: P (x); the small-
value approximation PS(x) = − ln(x/2) − γ related to the
right-hand side of (28); and the large-value approximation
PL(x) = 1/(2x) related to the right-hand side of (29).

Fig. 7 shows the relative errors of PS(x) and PL(x) as
approximations of P (x). In Fig. 7, the absolute value of the
relative error of PL(x) as a large-value approximation of
P (x) is less than 10% if x > 0.375, and less than 1% if
x > 3.805.

B. A CLOSER LOOK AT THE COEFFICIENTS Ξp

At this point, p being a positive integer, we need to clarify
the effect of Ξp in (20)–(23). In Appendix D, it is shown that
Ξp < 0, that the sequence q 7→ Ξq defined for q > 1 is
strictly increasing, and that, for large values of p,

Ξp = − 1

24p2
+O

(

1

p4

)

(30)

Hence, the sequence q 7→ Ξq tends to 0 as q becomes large.
Let t = dw/(2a). The sum P (pt) + Ξp appears once in

(20), (21) and (22), and it also appears twice in (23). Since,
for q > 1, the sequence q 7→ P (qt) is positive and strictly
decreasing, and the sequence q 7→ Ξq is negative and strictly
increasing, the behavior of their sum is not obvious.

To address this issue, we can consider the ratio

rq(t) =
|Ξq|

K0 (qt) I0 (qt)
(31)
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FIGURE 8. Q(x) is curve “a”. The small-value approximation QS is curve “b”.
The large-value approximation QL is curve “c”.

defined for any positive integer q. In Appendix E, it is shown
that the positive function r̃ defined for any ν ∈ R

∗
+ by

r̃(ν, t) =
ν + 2

12 ν3

√

(νt)
2
+

1

3
, (32)

which approaches 0 as ν becomes large, is strictly decreasing
with respect to ν, and such that rq(t) < r̃(q, t) for any
positive integer q. It follows that rq(t) = O(1/q).

Since we have assumed dw ≪ 2a, we have t < 1, hence,
for any positive integer q

rq(t) < r̃(1, t) <
1

2
√
3
<

1

3
. (33)

Hence,
K0 (qt) I0 (qt) + Ξq > 0 . (34)

If we regard P (qt) as an approximate value of P (qt) +
Ξq , the relative error is rq(t), because Ξq < 0. Since rq(t)
is less than r̃(q, t), (32) can be used to determine a positive
integer qmin(t) such that for all integers q > qmin(t), the
relative error rq(t) is less than or equal to a desired maximum
value rMAX(t) > 0. A possible method is: compute r̃(1, t),
to determine if qmin(t) = 1 is a possible choice; if not, solve
the polynomial equation of degree 6 in the variable ν

144 r2MAX(t) ν
6 − t2ν4 − 2t2ν3

−
(

4t2 +
1

3

)

ν2 − 4

3
ν − 4

3
= 0 (35)

to obtain its positive real root νP(t), which exists and is
unique because of the above-mentioned properties of the
function r̃ ; and posit qmin(t) = ceil(νP(t)). Moreover, it
is then possible to also compute the least positive integer
qMIN(t) such that, for all integers q > qMIN(t), the relative
error rq(t) is less than or equal to rMAX(t), by computing
rq(t) for integers q < qmin in decreasing order.

For instance, if t = dw/(2a) = 1/40 as in Section III, we
get in this manner: if rMAX(t) = 10−4, then qmin(t) = 29
and qMIN(t) = 21; if rMAX(t) = 10−5, then qmin(t) = 212
and qMIN(t) = 208; and, if rMAX(t) = 10−6, then qmin(t) =
2086 and qMIN(t) = 2084.

C. ABOUT THE CAPACITANCES Cn

By (20) and (34), for any positive integer n, the capacitance
Cn is positive. P being strictly decreasing on R

∗
+, we find

that, if the positive integer n is fixed, Cn is a strictly increas-
ing function in the variable t = dw/(2a) ≪ 1.

We now study the effect of n on Cn, for a fixed positive
value of t. We introduce the function Q defined on R

∗
+ by

∀x ∈ R
∗
+, Q(x) = x2 K0(x) I0(x), because (20) shows that

the effect of n on Cn only depends on Dn(t) given by

Dn(t) = n2[P (nt) + Ξn] =
1

t2
Q(nt) + n2 Ξn . (36)

The function Q is real and positive, and it is shown in
Appendix F that Q is strictly increasing on R

∗
+. By (28)–

(29), Q(x) → 0 as x → 0, and Q(x) → ∞ as x → ∞.
Fig. 8 shows, as a function of x: Q(x); the small-value
approximation QS(x) = −x2(ln(x/2) + γ) related to the
right-hand side of (28); and the large-value approximation
QL(x) = x/2 related to the right-hand side of (29). Note
that Fig. 7 is applicable to QS(x) and QL(x), because the
relative errors of QS(x) and QL(x) as approximations of
Q(x) are equal to the relative errors of PS(x) and PL(x) as
approximations of P (x), respectively.

By (34), Dn(t) is positive. If we regard Q(nt)/t2 as
an approximate value of Dn(t), the relative error is rn(t)
investigated in Section IV.B. Using rn(t) = O(1/n) and
Q(nt)/t2 → ∞ as n → ∞, we find that Dn(t) → ∞ as
n → ∞. It follows from (20) that the sequence n 7→ Cn is
real, positive, and such that Cn → 0 as n→ ∞.

The facts that the sequence n 7→ Q(nt)/t2 is increasing
and rn(t) = O(1/n) neither allow us to conclude that the
sequence n 7→ Dn(t) is increasing, nor to use (20) to state
that the sequence n 7→ Cn is decreasing. However, it is shown
in Appendix G that, if t 6 1/3, then the sequence n 7→ Dn(t)
is strictly increasing.

Thus, it follows from (20) that, if t 6 1/3, then the
sequence n 7→ Cn is real, positive, strictly decreasing and
such that Cn → 0 as n → ∞. This is in line with what is
observed in Table 3 and the left-hand side of Fig. 5.

D. ABOUT THE INDUCTANCES Ln

For n > 1 and any fixed positive value of t = dw/(2a) ≪ 1,
using (89) and (93) of Appendix A, we obtain

χ2n =
2

π(2n− 1)(2n+ 1)
, (37)

which may be used in (22)–(23).
By (21) and (34), the inductance L0 is positive. However,

for n > 1, the inductance Ln need not be positive, even
though this fact does not show up in Table 3. More precisely,
it follows from (23), (37), rn(t) = O(1/n), and from
P (nt) → 0 as n → ∞ that, for any fixed positive value
of t = dw/(2a), we have

lim
n→∞

Ln = −µa
4
. (38)

The function P being strictly decreasing on R
∗
+, we find

that, if the nonnegative integer n is fixed, Ln is a strictly
decreasing function in the variable t = dw/(2a).
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V. ASYMPTOTIC BEHAVIOR
For a fixed value of the variable t = dw/(2a) ≪ 1, we
now want to obtain convenient asymptotic equivalents for the
capacitance Cn, the inductance Ln and the Wu-King factor
An, as n→ ∞. Using (29) and (30), we get

K0

(

ndw
2a

)

I0

(

ndw
2a

)

+ Ξn

=
a

ndw
− 1

24n2
+O

(

1

n3

)

. (39)

It follows from dw ≪ 2a that, for any positive n,

1

24n2
≪ 1

12n

a

ndw
, (40)

hence, in the right-hand side of (39), the absolute value of the
second term is much less than the first term. Thus, using (39)
and (40) in (20), we obtain

Cn =
2ǫdw
n

(

1 +
dw
24na

)

+O

(

1

n3

)

(41)

as n becomes large.
Using (37) and (39) in (23), we find that

Ln =
µa

4

(

−1 +
2a

ndw
− 1

3n2

)

+O

(

1

n3

)

(42)

as n becomes large.
The series Sn(ka) are studied in Appendix H. According

to (255), if the condition f 6 fmax is satisfied, then

Sn(ka) = O

(

1

n

)

(43)

as n becomes large. Using (37), (39) and (43) in (7), we get

An = − n

πkdw
+

1

24πka
− ka

2π
+O

(

1

n

)

(44)

as n becomes large, if f 6 fmax. We observe that, in the
right-hand side of (44):

• the first term stems from a/(ndw) as an approximation
of P (ndw/(2a)) in (39), the accuracy of which was
discussed in Section IV.A and depicted in Fig. 7;

• the absolute value of the relative error of this approxi-
mation is less than 10% if n > 0.375× 2a/dw, and less
than 1% if n > 3.805× 2a/dw ;

• accordingly, for the example of Section III, the absolute
value of the relative error of this first term is less than
10% if n > 15, and less than 1% if n > 152 ;

• the second term stems from an approximation of Ξn
studied in Appendix D, which becomes accurate for
moderate values of n, and which by dw ≪ 2a is much
less than 1/(12πkdw) for any positive n ;

• the third term stems from an approximation equivalent
to using −µa/4 as an approximation of Ln, hence
according to (42) the absolute value of the relative
error of this approximation is less than about 11% if
n > 10× 2a/dw ; and

• accordingly, for the example of Section III, the absolute
value of the relative error of this third term is less than
about 11% if n > 400 .

VI. CURRENT DISTRIBUTION
We now wish to estimate the current distribution iW(ψ)
defined by (2). We assume f 6 fmax, hence ka 6 2.5. Since
dw/(2a) ≪ 1, we obtain

kdw
n

∣

∣

∣

∣

ka

2
− 1

24ka

∣

∣

∣

∣

≪ 1 (45)

for n > 7. Thus, if f 6 fmax, it follows from (44) that

1

An
= −πkdw

n
+
π(kdw)

2

n2

(

ka

2
− 1

24 ka

)

+O

(

1

n3

)

(46)

as n becomes large. What was said at the end of Section V
about the terms of the right-hand side of (44) applies to
the corresponding terms of the right-hand side of (46). In
particular, if we use x to denote ndw/(2a), the first term of
the right-hand side of (46) stems from PL(x) = a/(ndw)
as a large-value approximation of P (x) = P (ndw/(2a)) in
(39), the accuracy of which was discussed in Section IV.A
and depicted in Fig. 7.

It follows from (46) that, for a given value of ka 6 2.5,
there exist an integerNA > 6 and a positive real numberMA

such that, for any integer n > NA, the sequence

rAn =
1

An
+
πkdw
n

− π(kdw)
2

n2

(

ka

2
− 1

24 ka

)

(47)

satisfies
|rAn | 6

MA

n3
. (48)

For any p ∈ N and any ψ ∈ [0, 2π), we define the series

J ′
p(ψ) = −πkdw

∞
∑

n=p+1

cosnψ

n
, (49)

J ′′
p (ψ) = π(kdw)

2

(

ka

2
− 1

24 ka

) ∞
∑

n=p+1

cosnψ

n2
, (50)

and

J ′′′
p (ψ) =

∞
∑

n=p+1

[

1

An
+
πkdw
n

− π(kdw)
2

n2

(

ka

2
− 1

24 ka

)

]

cosnψ , (51)

which satisfy
∞
∑

n=p+1

cosnψ

An
= J ′

p(ψ) + J ′′
p (ψ) + J ′′′

p (ψ) . (52)

A comparison with the harmonic series shows that the
series J ′

0(0) and J ′
p(0) do not converge. For any ψ lying in

the open interval (0, 2π), J ′
0(ψ) is a Fourier series expansion

of a known function [11, Eq. 1.14]:

J ′
0(ψ) = πkdw ln

∣

∣

∣

∣

2 sin
ψ

2

∣

∣

∣

∣

. (53)

Therefore, J ′
p(ψ) converges and

J ′
p(ψ) = πkdw

[

ln

∣

∣

∣

∣

2 sin
ψ

2

∣

∣

∣

∣

+

p
∑

n=1

cosnψ

n

]

. (54)
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For any ψ lying in the interval [0, 2π), a comparison with
the convergent series Σ∞

n=1n
−2 shows that J ′′

0 (ψ) converges
absolutely. Also, J ′′

0 (ψ) is a Fourier series expansion of a
known function [11, Eq. 1.27]:

J ′′
0 (ψ) = π(kdw)

2

(

ka

2
− 1

24 ka

)

3ψ2 − 6πψ + 2π2

12
.

(55)
Therefore, J ′′

p (ψ) converges and

J ′′
p (ψ) = π(kdw)

2

(

ka

2
− 1

24 ka

)

×
(

π2

6
− πψ

2
+
ψ2

4
−

p
∑

n=1

cosnψ

n2

)

. (56)

If p > NA, it follows from (47) that

J ′′′
p (ψ) =

∞
∑

n=p+1

rAn cosnψ . (57)

Using (48), (57) and a comparison with the convergent
series Σ∞

n=1n
−3, we find that J ′′′

p (ψ) converges absolutely
for any p ∈ N, and that, if p > NA, then

|J ′′′
p (ψ)| < MA

(

ζ(3)−
p
∑

n=1

1

n3

)

, (58)

where ζ denotes the Riemann zeta function [8, Ch. 23], and
ζ(3) ≃ 1.20206.

Using (52) allows us to assert that: the series in (2) does not
converge at ψ = 0 and ψ = 2π, and that this series converges
for ψ ∈ (0, 2π), where we get

iW(ψ) = iE(ψ)+
2V0
jπη

[J ′
N (ψ) + J ′′

N (ψ) + J ′′′
N (ψ)] , (59)

in which N is the positive integer used in (3) to define iE(ψ).
If tight values of NA and MA were known, (58) could be

used to select the integer N in such a way that N > NA and
|J ′′′
N (ψ)| is small enough to ignore J ′′′

N (ψ) in the right-hand
side of (59). Instead of this rigorous approach, it is simpler to
use the following procedure:

• plot the absolute values of the complex frequency-
dependent capacitances |CR/An| as a function of the
frequency for several values of the positive integer n,
as in Fig. 5;

• determine the minimum value of nMIN of n above
which the variations of |CR/An| as a function of the
frequency may be ignored in the frequency range of
interest, that is to say the minimum value of n above
which the approximation (27) is valid;

• choose an integer NB > 20 such that NB > nMIN and
NB > 1+0.9 a/dw , taking into account the fact that the
greater the chosen NB the more accurate the estimated
iW(ψ); and

• posit N = NB, this value being suitable for estimating
iW(ψ) using

iW(ψ) ≃ iE(ψ) +
2V0
jπη

J ′
N (ψ) . (60)

To elucidate why this procedure works, we assume that
t = dw/(2a) < 1/3, and first note that we can use NB > 20
and the results of Section IV.B to show that, for any integer
q > NB − 1, we have rq(t) < 0.0017. Thus, for any integer
n > NB, we can ignore Ξn, Ξn+1 and Ξn−1 in (7) to obtain

An = −ς(1)n + ς(2)n − ς(3)n + Sn(ka) , (61)

where:

ς(1)n ≃ n2P (nt)

πka
(62)

with an absolute value of the relative error less than 0.2%;

ς(2)n ≃ ka
P ((n+ 1)t) + P ((n− 1)t)

2π
(63)

with an absolute value of the relative error less than 0.2%;
and, using (37),

ς(3)n = kan2χ2n =
ka

2π

4n2

(2n− 1)(2n+ 1)
. (64)

We find that, for a real number x > 0.45, the absolute
value of the relative error of PL(x) as a large-value ap-
proximation of P (x) is less than 6.3%, in line with Fig. 7.
Since, according to the procedure, NB > 1 + 0.45/t, we
can assert that, for any integer n > NB, the absolute values
of the relative errors in the approximations PL(nt) ≃ P (nt),
PL((n+1)t) ≃ P ((n+1)t) and PL((n−1)t) ≃ P ((n−1)t)
are less than 6.3%. Since NB > 20 and ka 6 2.5, it follows
that, for any integer n > NB, we have

ς
(2)
n

ς
(1)
n

≃ (ka)2

n2
6 1.6% (65)

and
ς
(3)
n

ς
(1)
n

≃ (ka)2t

n
6 10.5% , (66)

hence the series resonance of Ln and Cn, which by (25)
corresponds to −ς(1)n + ς

(2)
n − ς

(3)
n = 0, is not approached.

Since, according to the procedure, NB > nMIN and nMIN

is such that, for any integer n > nMIN, the variations of
|CR/An| as a function of the frequency can be ignored in the
frequency range of interest, we can assert that, for any integer
n > NB, in this frequency range, Sn(ka) can be ignored in
the right-hand side of (61), hence

1

An
≃ − 1

ς
(1)
n

≃ −πkdw
n

. (67)

This validates the procedure, because the right-hand side
of (67) is the first term of the right-hand side of (46), on
which (60) is based. Note that, for the reason explained at
the end of Section V, it also possible to use

iW(ψ) ≃ iE(ψ) +
2V0
jπη

[J ′
N (ψ) + J ′′

N (ψ)] (68)

if N = NB > 20× a/dw.
We have shown that the procedure defined above to com-

pute the current distribution iW(ψ) in the loop antenna using
(60) or (68) obviates: the convergence problems of the series
in (2) proposed by Wu for the delta-gap source; and the
inaccuracy of (3) close to the gap.
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VII. EXAMPLE — PART 2
For the example of Section III, we have 1 + 0.9 a/dw = 19,
and the curves of Fig. 5 suggest that nMIN = 20 should be
appropriate for frequencies up to fmax. More precisely, Fig. 9
shows the ratio [Mn(∆f)−mn(∆f)]/mn(∆f) as a function
of the positive integer n, where Mn(∆f) is the maximum
value of |CR/An| computed in a frequency interval ∆f , and
mn(∆f) is the minimum value of |CR/An| computed in ∆f .
In Fig. 9, for a frequency range of interest ∆f extending up
to fmax ≃ 426MHz, we see that this ratio is less than 0.8%
for n = 20, hence the value nMIN = 20 is appropriate and
NB can be any integer greater than or equal to 20.

According to the procedure of Section VI, an accurate cur-
rent distribution for the delta-gap source is iW(ψ) ≃ iA(ψ),
where iA(ψ) is the right-hand side of (60), that is to say

iA(ψ) = iE(ψ) +
2V0
jπη

J ′
N (ψ) =

V0
jπη

{

1

A0
+ 2πkdw ln

∣

∣

∣

∣

2 sin
ψ

2

∣

∣

∣

∣

+ 2

N
∑

n=1

(

1

An
+
πkdw
n

)

cosnψ

}

, (69)

in which N = NB. For V0 = 1Volt, we get

lim
ψ→0

iA(ψ) = lim
ψ→2π

iA(ψ) = j∞ . (70)

Fig. 10 to Fig. 12 show |iE(ψ)| and |iA(ψ)|, computed
for N = 20 at a frequency close to fmax. Fig. 13 to
Fig. 15 show |iE(ψ)| and |iA(ψ)|, computed for N = 40
at this frequency. Ripples depending on N are visible in the
curves representing |iE(ψ)| in Fig. 10, Fig. 12, Fig. 13 and
Fig. 15. They are artifacts, because their shapes depend on
N . The Gibbs phenomenon is the oscillatory behavior of the
partial sums of a Fourier series of a piecewise continuously
differentiable periodic function around discontinuities [12].
Said “ripples” visible in the curves representing |iE(ψ)| are
the result of a similar but different phenomenon: it is an
oscillatory behavior of the partial sums of a Fourier series
of a piecewise continuously differentiable periodic function
near vertical asymptotes. The curves representing |iA(ψ)|
in Fig. 11, Fig. 12, Fig. 14 and Fig. 15 show that the
procedure proposed in Section VI eliminates this unwanted
phenomenon, and provides the expected behavior near the
vertical asymptotes defined by (70).

FIGURE 9. The ratio [Mn(∆f ) −mn(∆f )]/mn(∆f ) defined in Section VII,
versus n. Curve “a” is for the frequency interval ∆f ≃ [100 kHz, 427 MHz].
Curve “b” is for the frequency interval ∆f ≃ [100 kHz, 204 MHz].

FIGURE 10. |iE(ψ)| versus ψ in degrees in the interval [0.0°, 360.0°], at about
426.58 MHz, computed for N = 20 and V0 = 1V.

FIGURE 11. |iA(ψ)| versusψ in degrees in the interval [0.1°, 359.9°], at about
426.58 MHz, computed for N = 20 and V0 = 1V.

FIGURE 12. |iE(ψ)| and |iA(ψ)| at about 426.58 MHz, for N = 20 and
V0 = 1V. Curve “a” is |iE(ψ)| versus ψ in degrees in the interval [0.0°, 20°].
Curve “b” is |iA(ψ)| versus ψ in degrees in the interval [0.1°, 20°].

Fig. 16 shows that changing N from N = 20 to N = 40
has a very small effect on |iA(ψ)|. This is consistent with
the fact that the procedure proposed in Section VI provides
accurate values of iW(ψ) at frequencies up to fmax, using
values of N as small as N = 20 or N = 40, hence at a low
computational cost.

VIII. IMPEDANCE AND TERMINAL-ZONE NETWORK
A. GENERAL RESULTS

By (24), A0 corresponds to the impedance

z0 = jπηA0 = jω L0 + jπη S0(ka) . (71)

By (25), for any positive integer n, An corresponds to the
impedance

zn =
jπηAn

2
=

1

jω Cn
+ jω Ln +

jπη

2
Sn(ka) . (72)

Combined with (4), (71)–(72) suggest the possible role of
N+1 inductors of inductances L0, . . . ,LN , respectively, and
of N capacitors of capacitances C1, . . . ,CN , respectively, in
an equivalent circuit of Yδ . This path will not be explored
further in this article. However, we can use (4) to write

Yδ =

N
∑

n=0

1

zn
, (73)
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FIGURE 13. |iE(ψ)| versus ψ in degrees in the interval [0.0°, 360.0°], at about
426.58 MHz, computed for N = 40 and V0 = 1V.

FIGURE 14. |iA(ψ)| versusψ in degrees in the interval [0.1°, 359.9°], at about
426.58 MHz, computed for N = 40 and V0 = 1V.

FIGURE 15. |iE(ψ)| and |iA(ψ)| at about 426.58 MHz, for N = 40 and
V0 = 1V. Curve “a” is |iE(ψ)| versus ψ in degrees in the interval [0.0°, 20°].
Curve “b” is |iA(ψ)| versus ψ in degrees in the interval [0.1°, 20°].

FIGURE 16. In the interval [0.1°, 359.9°], the difference |iA(ψ)| shown in
Fig 14 (for N = 40) minus |iA(ψ)| shown in Fig 11 (for N = 20).

hence, in this article, Yδ is exactly the admittance obtained
by connecting z0, . . . , zN in parallel.

We defined nMIN as the smallest positive integer such that,
for any integer n > nMIN, the approximation (27) is valid in
the frequency range of interest, or equivalently such that

zn ≃ 1

jω Cn
(74)

in the frequency range of interest. Thus, if N > nMIN, each
term 1/zn of index n = nMIN+1 to n = N in the right-hand
side of (73) accurately corresponds, in the frequency range
of interest, to the addition of jω Cn, or equivalently to the
connection of a parallel capacitance Cn. If N becomes large,
it follows from (41) that the sum of the added capacitances
also becomes large (by [13, Sec. 1.2.2]).

Yδ

αLT

CT

(1− α)LT

antenna
terminals ≃

Zant

FIGURE 17. A terminal-zone network, connected to Yδ .

The antenna impedance Zant is normally defined as the
impedance seen, looking into the antenna, from a reference
plane of a feeder. It depends on a, dw, k, ψmin shown in
Fig. 1, and also on the actual configuration of the antenna and
the feeder in the vicinity of the terminals of the loop antenna.

As said in the introduction, models of Zant traditionally
includes a terminal-zone network, used to convert the ad-
mittance Yδ , which only depends on a, dw and k, into an
impedance close to Zant. The terminal-zone network used in
[1] is shown in Fig. 17, where α is an arbitrary real number.
This terminal-zone network comprises a lumped inductance
LT and a lumped capacitance CT, both of which need not be
nonnegative, and is such that

Zant ≃
1

Yδ + jωCT
+ jωLT . (75)

The facts that each term 1/zn of index n > nMIN

accurately corresponds, in the frequency range of interest,
to the connection of a parallel capacitance Cn, and that, if
N becomes large, the sum of the added capacitances also
becomes large, are not a problem in the context of (75), for
the following reason. Let us for instance assume that, for a
value N ′ > nMIN of the integer N , the values C ′

T of CT

and L′
T of LT provide an optimal model in a frequency range

of interest. It follows from the previous discussion that, for a
value N ′′ > N ′ of the integer N , the values

C ′′
T = C ′

T −
N ′′

∑

n=N ′+1

Cn (76)

of CT and L′′
T = L′

T of LT provide almost exactly the same
optimal model in the frequency range of interest.

Accordingly, we can assert that: in the frequency range
of interest, the model defined by Fig. 17 or by the right-
hand side of (75) gives almost the same value of the antenna
impedance for any N > nMIN, if CT is well be chosen as a
function of N . More generally, this statement also applies to
any terminal-zone network comprising an arbitrary capacitor
CT connected in parallel with Yδ .

Note that this statement invalidate a reasoning proposed
in the section “Evaluation of the Graphs” of [4], the section
“Evaluation of the Tables” of [5], and in [7, Sec. 11.4],
according to which the fact that the imaginary part of the
computed Yδ varies when N changes would be a symptom
of a poor accuracy. In contrast, we have established that, if
N > nMIN, this phenomenon is almost exactly compensated
for by a proper terminal-zone network.
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x

y

ψmax

ψmin

2
a
−
d
w

2
a
+
d
w

generator

FIGURE 18. The second theoretical loop antenna, and, shown in red, the
generator containing the delta-gap source.

B. EXAMPLE

We now refer to the loop antenna excited by a delta-gap
source of voltage V0 located at ψ = 0 as the “first theoretical
loop antenna”. For any ψmin ≪ π/18, we define a “second
theoretical loop antenna” as the part of the first theoretical
loop antenna lying in the interval [ψmin, ψmax], in which
ψmax = 2π − ψmin as usual, and we define a generator as
the delta-gap source and the part of the first theoretical loop
antenna that does not belong to the second theoretical loop
antenna. This configuration is shown in Fig 18.

We said above that Zant is normally defined as the
impedance seen, looking into the antenna, from a reference
plane of a feeder, but this is not possible in this configuration
that does not include a feeder. To define the voltage between
the terminals of the second theoretical loop antenna, we can
use an integration path that is an arc of the circle of radius
a − dw/2, lying in the plane z = 0, and having its center at
x = y = z = 0. In this case, this voltage is V0. It follows that
Zant = V0/iW(ψmin).

IfN is determined according the procedure of Section VI,
we get Zant ≃ 1/Y∆(ψmin), where

Y∆(ψmin) =
iE(ψmin)

V0
+

2

jπη
J ′
N (ψmin) =

1

jπη

{

1

A0
+ 2πkdw ln

∣

∣

∣

∣

2 sin
ψmin

2

∣

∣

∣

∣

+ 2

N
∑

n=1

(

1

An
+
πkdw
n

)

cosnψmin

}

, (77)

in which N = NB. Thus, if Nψmin ≪ 1, we find that (75)
can be used with the parameters LT = 0 nH and

CT = −2ǫdw

{

ln

∣

∣

∣

∣

2 sin
ψmin

2

∣

∣

∣

∣

+

N
∑

n=1

cosnψmin

n

}

. (78)

Fig 19 shows the impedance Y∆(ψmin) computed using
the same parameters as in Section III and Section VII, for
different values of ψmin.

FIGURE 19. Impedance 1/Y∆(ψmin) versus frequency up to about
426.58 MHz, for N = 20. Curve “a” is for ψmin = 0.1°. Curve “b” is for
ψmin = 1.0°. Curve “c” corresponds to ψmin = 6.0°.

At a frequency f , for LT = 0 nH, a specified value of
CT, and N = 20, let ρY(f, CT) be the absolute value of
the relative error of the admittance given by the model of
Fig. 17, compared to Y∆(ψmin) regarded as an exact value.
If ψmin = 0.1°, (78) gives CT ≃ 682.614 fF, and, over
the frequency interval ∆f ≃ [100 kHz, 427 MHz], we find
that: if CT = 682.510 fF, then ρY(f, CT) < 54 × 10−6.
If ψmin = 1.0°, (78) gives CT ≃ 119.574 fF, and, over the
frequency interval ∆f , we find that: if CT = 109.710 fF,
then ρY(f, CT) < 615 × 10−6. If ψmin = 6.0°, (78) gives
a useless result, and, over the frequency interval ∆f , we find
that: if CT = −399 fF, then ρY(f, CT) < 0.023.

IX. CONCLUSION
We have studied a lossless single-turn circular wire loop
antenna lying in a homogeneous and lossless medium. The
main new results obtained is this article are:

• a detailed analysis of the Wu-King factors, which estab-
lishes that they can be accurately estimated at frequen-
cies far greater than fmax;

• a mathematical explanation of the convergence of the
series in (2) for ψ ∈ (0, 2π), and of its lack of conver-
gence at ψ = 0 and ψ = 2π;

• a procedure and the explicit formulas (60), (68) and (69)
for computing the distribution of the current if the loop
antenna is excited by a delta-gap source at f 6 fmax ,
which obviate the convergence problems of (2) and the
inaccuracy of (3) close to gap; and

• a proof of the fact that a model of the loop antenna
impedance up to fmax, this model comprising a suit-
able terminal-zone network, provides an impedance that
practically does not depend on the number N of terms
used in (3), if N exceeds a suitable minimum value, and
if a capacitance used in the terminal-zone network is
correctly determined as a function of N .

Combined with the results of [1] and [14], this work
can be used to obtain improved models of loop antennas
and shielded loop antennas used to produce known electro-
magnetic fields or to measure electromagnetic fields. It is
therefore useful for electromagnetic compatibility.
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APPENDIX A
In this Appendix A, we study the coefficients χs r defined by
(8)–(9), where r and s lie in N and s > 1.

By [8, Sec. 6.1.17], we have

Γ
(s

2
− r + 0.5

)

Γ
(

−s
2
+ r + 0.5

)

=
π

sin
(

π
[s

2
− r + 0.5

]) . (79)

hence, if s is even, then

Γ
(s

2
− r + 0.5

)

=
π(−1)

s
2−r

Γ
(

−s
2
+ r + 0.5

) . (80)

If s is even, we use [8, Sec. 6.1.12] to get

Γ
(s

2
+ r + 0.5

)

=
1 · 3 · · · (s+ 2r − 1)

2r+s/2
Γ

(

1

2

)

, (81)

hence

Γ
(s

2
+ r + 0.5

)

=
(s+ 2r)!

22r+s (r + s/2)!
Γ

(

1

2

)

. (82)

If s is even and s 6 2r − 2, then r − s/2 > 1, hence we
can use [8, Sec. 6.1.12] to obtain

Γ
(

−s
2
+ r + 0.5

)

=
1 · 3 · · · (2r − s− 1)

2r−s/2
Γ

(

1

2

)

, (83)

hence

Γ
(

−s
2
+ r + 0.5

)

=
(2r − s)!

22r−s (r − s/2)!
Γ

(

1

2

)

. (84)

If s is even and s 6 2r − 2, using (84) in (80), we get

Γ
(s

2
− r + 0.5

)

=
π(−1)

s
2−r 22r−s (r − s/2)!

(2r − s)! Γ

(

1

2

) . (85)

If s is even and s 6 2r− 2, using (82) and (85), we obtain

Γ
(s

2
+ r + 0.5

)

Γ
(s

2
− r + 0.5

)

=
π(−1)

s
2−r (2r + s)! (r − s/2)!

22s(2r − s)! (r + s/2)!
. (86)

These considerations allow us to clarify the definition of
χs r in (8)–(9), as follows:

• if s is even and s 6 2r − 1, it follows from (86), that

χs r =
22s(2r − s)! (r + s/2)!

s π (2r + s)! (r − s/2)!
, (87)

which is a positive real number;
• if s is odd and s 6 2r − 1, then

χs r = 0 ; (88)

• if s = 2r, it follows from (82) and [8, Sec. 6.1.8], that

χ2r r =
24r−1 (2r)!

r (4r)!π
, (89)

which is a positive real number;

• if s is even and s > 2r, then χs r is the real number
given by (8), which satisfies

χs r = (−1)
s
2+r |χs r| , (90)

because Γ(x) is real and positive for any positive x ∈ R;
and

• if s is odd and s > 2r, then χs r is the imaginary number
given by (9), which satisfies

χs r = j(−1)
s+1
2 +r |χs r| . (91)

Going back to the case where s is even and s 6 2r − 1, if
follows from (87) that

χs r =

22s
r+s/2
∏

i=r+1−s/2

i

s π
2r+s
∏

i=2r−s+1

i

, (92)

which leads us to

χs r =
2s

s π
r−1+s/2
∏

i=r−s/2

(2i+ 1)

. (93)

APPENDIX B
In this Appendix B, n being a nonnegative integer, we deter-
mine the radius of convergence of the power series Sn(ka)
defined by (13).

Using [8, Eq. 6.1.6] in (9), and Stirling’s formula [8, Eq.
6.1.37] in (8)–(9), we find that, for a fixed r ∈ N, if s > 2r+1
and s becomes large, then χs r satisfies

|χs r| =

es+1
(s

2
+ r + 0.5

)−(
s
2+r)

(s

2
− r + 0.5

)−(
s
2−r)

2πs

(

1 +O

(

1

s

)) , (94)

where we have used Landau’s big-O notation. Thus, we get

|χs r| 6

es+1
(s

2
− r + 0.5

)−(
s
2+r)

(s

2
− r + 0.5

)−(
s
2−r)

2πs

(

1 +O

(

1

s

)) , (95)

hence

|χs r| 6
es+1

2πs
(s

2
− r + 0.5

)s

(

1 +O

(

1

s

))

. (96)

Using (96) in (11), we find

lim
q→∞

|αq 0|1/q = lim
q→∞

|χ(q−1) 1|1/q = 0 . (97)

By (12), for any integer q > 2 and any positive integer n,
we have

|αq n| 6
|χ(q−1) (n−1)|+ |χ(q−1) (n+1)|

2
+ n2|χ(q+1)n| .

(98)
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Among |χ(q−1) (n−1)|, |χ(q−1) (n+1)| and |χ(q+1)n|, we
find that |χ(q−1) (n+1)| produces the largest right-hand side
in (96) when q becomes large. Thus, using (96) in (98), we
get, when q becomes large,

|αq n| 6
eq (1 + n2)

2π(q − 1)

(

q − 1

2
− n− 0.5

)q−1

(

1 +O

(

1

q

))

. (99)

Hence, for any positive integer n,

lim
q→∞

|αq n|1/q = 0 . (100)

It follows from (97) and (100) that, for any n ∈ N, the
radius of convergence of the power series Sn(ka) defined by
(13) is infinity.

APPENDIX C
In this Appendix C, n being a fixed nonnegative integer,
we study how fast the power series Sn(ka) defined by (13)
converges, to assess the accuracy of its partial sums. More
precisely, for a specified dA(n), we want to obtain an upper
bound on the absolute error En(ka) defined by (15).

For any n ∈ N, we define

s polyn (ka) =

2n+2
∑

q=2

αq n(ka)
q , (101)

s oddn (ka) =
∞
∑

p=n+1

α(2p+1)n(ka)
2p+1 (102)

and

s evenn (ka) =

∞
∑

p=n+2

α(2p)n(ka)
2p . (103)

It follows from (97) and (100) that, for any n ∈ N, the radii
of convergence of the power series s oddn (ka) and s evenn (ka)
are infinity. Thus, using [13, Sec. 1.1.2.3], we get

Sn(ka) = s polyn (ka) + s oddn (ka) + s evenn (ka) . (104)

The polynomial s polyn (ka) will be used in Appendix H.
Since we are investigating the convergence of Sn(ka), we
will now examine the series s oddn (ka) and s evenn (ka). For
this purpose, it is convenient to define: the real coefficients
β(2p+1)n = α(2p+1)n, where p is a positive integer such that
p > n+1; the real coefficients β(2p)n = jα(2p)n, where p is
a positive integer such that p > n+ 2; and the power series

sOdd
n (x) =

∞
∑

p=n+1

β(2p+1)n x
p (105)

and

sEven
n (x) =

∞
∑

p=n+2

β(2p)n x
p , (106)

where x ∈ R and x > 0. Using (102)–(103) and (105)–
(106), we find that the radii of convergence of the power
series sOdd

n (x) and sEven
n (x) are infinity,

s oddn (ka) = ka sOdd
n ((ka)2) (107)

and
s evenn (ka) = −j sEven

n ((ka)2) . (108)

For a specified integer dA(n) such that dA(n) > 2n+3, it
follows from (104)–(108) that

∞
∑

q=dA(n)+1

αq n(ka)
q = −j

∞
∑

2p>dA(n)

β(2p)n(ka)
2p

+ ka

∞
∑

2p+1>dA(n)

β(2p+1)n(ka)
2p , (109)

where both series of the right-hand side are real. Thus,

∣

∣

∣

∣

∣

∣

∞
∑

q=dA(n)+1

αq n(ka)
q

∣

∣

∣

∣

∣

∣

2

6

∣

∣

∣

∣

∣

∣

∞
∑

2p>dA(n)

β(2p)n(ka)
2p

∣

∣

∣

∣

∣

∣

2

+ |ka|2
∣

∣

∣

∣

∣

∣

∞
∑

2p+1>dA(n)

β(2p+1)n(ka)
2p

∣

∣

∣

∣

∣

∣

2

(110)

In the case n = 0, by (8), (9) and (11) we have, for any
integer q > 3,

βq 0 =
ǫq 0

(q − 1) Γ
(q

2
+ 1
)

Γ
(q

2
− 1
) (111)

where

ǫq 0 =







(−1)
q+1
2 if q is odd

(−1)
q
2 if q is even

. (112)

Accordingly, for any q > 3, the denominator of (111)
being positive, we have

sgn (βq 0) = sgn (ǫq 0) , (113)

where sgn is the signum function, which, for an arbitrary real
number y, is such that sgn(y) is equal to 1 if y is positive,
0 if y = 0 or −1 if y is negative. Note that (11), (90) and
(91) also lead to (113). The results (111) and (113) allow us
to assert that, for all positive x ∈ R:

• the terms β(2p+1) 0 x
p of the series sOdd

0 (x) tend to 0 as
p→ ∞;

• the terms β(2p) 0 xp of the series sEven
0 (x) tend to 0 as

p→ ∞; and
• the series sOdd

0 (x) and sEven
0 (x) are alternating.

We now study the sign of |βq 0| − |β(q+2) 0 x| for x > 0
and q > 3. By (111) and [8, Sec. 6.1.15], we have

|βq 0| − |β(q+2) 0 x| =
1

Dq 0

×
(

(q + 1)
q

2

(q

2
− 1
)(q

2
+ 1
)

− x(q − 1)
q

2

)

, (114)

where

Dq 0 = (q − 1)(q + 1)Γ
(q

2
+ 1
)

Γ
(q

2
+ 2
)

. (115)

For a positive x ∈ R, we define the integer

P min
0 (x) = ceil

(√
x+ 1

)

(116)
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Any term of degree p > P min
0 (x) of sOdd

0 (x) or sEven
0 (x)

has a coefficient βq 0 such that q > 2P min
0 (x), hence q > 4

and q > 2
√
x+ 1, hence

(q

2
− 1
)(q

2
+ 1
)

> x (117)

and
|βq 0| − |β(q+2) 0 x| > 0 , (118)

where we have used (114). Thus, P min
0 (x) is such that: the

absolute values of the terms of degree p > P min
0 (x) of

sOdd
0 (x) form a decreasing sequence; and the absolute values

of the terms of degree p > P min
0 (x) of sEven

0 (x) form a
decreasing sequence.

Thus, if P ′
0 (x) and P ′′

0 (x) are two integers greater than or
equal to P min

0 (x), we can use [13, Sec. 1.3.3] to assert that
∣

∣

∣

∣

∣

∣

∞
∑

p=P ′

0
(x)

β(2p) 0 x
p

∣

∣

∣

∣

∣

∣

6

∣

∣

∣
β(2P ′

0
(x)) 0 x

P ′

0
(x)
∣

∣

∣
(119)

and
∣

∣

∣

∣

∣

∣

∞
∑

p=P ′′

0
(x)

β(2p+1) 0 x
p

∣

∣

∣

∣

∣

∣

6

∣

∣

∣β(2P ′′

0
(x)+1) 0 x

P ′′

0
(x)
∣

∣

∣ . (120)

In the right-hand side of (110), for n = 0, the first non-
zero coefficient of one of the series is β(dA(0)+1) 0, and the
first non-zero coefficient of the other series is β(dA(0)+2) 0.
Thus, it follows from (110), (116) and (119)–(120) that, for a
specified integer dA(0) such that

dA(0) > 2 ceil
(

√

(ka)2 + 1
)

, (121)

we have
∣

∣

∣

∣

∣

∣

∞
∑

q=dA(0)+1

αq 0(ka)
q

∣

∣

∣

∣

∣

∣

6 E0 (ka, dA(0)) , (122)

where, for any integer q > 1,

E0(ka, q) =

√

√

√

√

[

|α(q+1) 0| (ka)q+1
]2

+
[

|α(q+2) 0| (ka)q+2
]2
. (123)

In the case n > 1, by (8), (9) and (12) we have, for any
integer q > 2n+ 3,

βq n = ǫq n

[

1

2(q − 1) Γ
(q

2
+ n− 1

)

Γ
(q

2
− n+ 1

)

+
1

2(q − 1) Γ
(q

2
+ n+ 1

)

Γ
(q

2
− n− 1

)

− n2

(q + 1)Γ
(q

2
+ n+ 1

)

Γ
(q

2
− n+ 1

)

]

, (124)

where

ǫq n =







(−1)
q+1
2 +n if q is odd

(−1)
q
2+n if q is even

. (125)

Using [8, Sec. 6.1.15], for n > 1 and q > 2n+ 3, we get

βq n =
ǫq n

2(q − 1)(q + 1)Γ
(q

2
+ n+ 1

)

Γ
(q

2
− n+ 1

)

×
[

(q + 1)
(q

2
+ n

)(q

2
+ n− 1

)

+ (q + 1)
(q

2
− n

)(q

2
− n− 1

)

− 2(q − 1)n2

]

. (126)

It follows from q > 2n + 3 that the denominator of (126)
is positive, and that

(q + 1)
(q

2
− n

)(q

2
− n− 1

)

> 0 (127)

and

(q + 1)
(q

2
+ n

)(q

2
+ n− 1

)

> 2(q − 1)n2 . (128)

This and (126), allow us to write

sgn (βq n) = sgn (ǫq n) . (129)

The results (126) and (129) allow us to assert that, for all
n > 1 and all positive x ∈ R:

• the terms β(2p+1)n x
p of the series sOdd

n (x) tend to 0
as p→ ∞;

• the terms β(2p)n xp of the series sEven
n (x) tend to 0 as

p→ ∞; and
• the series sOdd

n (x) and sEven
n (x) are alternating.

We now study the sign of |βq n| − |β(q+2)n x| for x > 0,
n > 1 and q > 2n+ 3. Using [8, Sec. 6.1.15] and (126), we
get

|βq n| − |β(q+2)n x| >
1

Dq n

×
(

(q + 1)
(q

2
+ n

)(q

2
+ n− 1

)(q

2
− n+ 1

)

− 2(q − 1)n2
(q

2
− n+ 1

)

− x(q − 1)





q

2
+ n+

(q

2
− n+ 1

)(q

2
− n

)

q

2
+ n+ 1





)

, (130)

where

Dq n =

2(q − 1)(q + 1)Γ
(q

2
+ n+ 1

)

Γ
(q

2
− n+ 2

)

. (131)

For n > 1, we have

q

2
+ n >

(q

2
− n+ 1

)(q

2
− n

)

q

2
+ n+ 1

. (132)
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Thus, for n > 1, q > 2n+ 3 and x > 0, we have

|βq n| − |β(q+2)n x| >
1

Dq n

×
(

(q + 1)
(q

2
+ n

)(q

2
+ n− 1

)(q

2
− n+ 1

)

− 2(q − 1)
{

n2
(q

2
− n+ 1

)

+ x
(q

2
+ n

)}

)

. (133)

We observe that q > 2n+ 3 allows us to write
(q

2
+ n

)(q

2
+ n− 1

)

> 4n2 + 4n+
3

4
, (134)

hence

1

2
(q + 1)

(q

2
+ n

)(q

2
+ n− 1

)(q

2
− n+ 1

)

>

2(q − 1)n2
(q

2
− n+ 1

)

(135)

Using (135) in (133), we get

|βq n| − |β(q+2)n x| >
1

Dq n

×
(

1

2
(q + 1)

(q

2
+ n

)(q

2
+ n− 1

)(q

2
− n+ 1

)

− 2(q − 1)x
(q

2
+ n

)

)

. (136)

For a positive x ∈ R, we define the integer

P min
n (x) = ceil

(

√

4x+ (n− 1)2
)

. (137)

For n > 1, q > 2n + 3 and x > 0, any term of degree
p > P min

n (x) of sOdd
n (x) or sEven

n (x) has a coefficient βq n
such that

q > 2
√

4x+ (n− 1)2 , (138)

hence
(q

2
+ n− 1

)(q

2
− n+ 1

)

> 4x (139)

and
|βq n| − |β(q+2)n x| > 0 , (140)

where we have used (136). Thus, P min
n (x) is such that: the

absolute values of the terms of degree p > P min
n (x) of

sOdd
n (x) form a decreasing sequence; and the absolute values

of the terms of degree p > P min
n (x) of sEven

n (x) form a
decreasing sequence.

Thus, if P ′
n(x) and P ′′

n (x) are two integers greater than or
equal to P min

n (x), we can use [13, Sec. 1.3.3] to assert that,
if 2P ′

n(x) > 2n+ 3 and 2P ′′
n (x) > 2n+ 2, then

∣

∣

∣

∣

∣

∣

∞
∑

p=P ′

n(x)

β(2p)n x
p

∣

∣

∣

∣

∣

∣

6

∣

∣

∣β(2P ′

n(x))n x
P ′

n(x)
∣

∣

∣ (141)

and
∣

∣

∣

∣

∣

∣

∞
∑

p=P ′′

n (x)

β(2p+1)n x
p

∣

∣

∣

∣

∣

∣

6

∣

∣

∣β(2P ′′

n (x)+1)n x
P ′′

n (x)
∣

∣

∣ . (142)

In the right-hand side of (110), the first non-zero coeffi-
cient of one of the series is β(dA(n)+1)n, and the first non-
zero coefficient of the other series is β(dA(n)+2)n. Thus, it
follows from (110), (137) and (141)–(142) that, for n > 1
and a specified integer dA(n) such that

dA(n) >

max
(

2 ceil
(

√

4(ka)2 + (n− 1)2
)

, 2n+ 2
)

, (143)

we have
∣

∣

∣

∣

∣

∣

∞
∑

q=dA(n)+1

αq n(ka)
q

∣

∣

∣

∣

∣

∣

6 En (ka, dA(n)) , (144)

where, for any integer q > 1,

En(ka, q) =

√

√

√

√

[

|α(q+1)n| (ka)q+1
]2

+
[

|α(q+2)n| (ka)q+2
]2
. (145)

We note that, if n > (ka)2, then

(n+ 1)2 − (n− 1)2 = 4n > 4(ka)2 , (146)

hence

n+ 1 > ceil
(

√

4(ka)2 + (n− 1)2
)

. (147)

Consequently,
[

(

dA(n) > 2n+ 2
)

and
(

n > (ka)2
)

]

=⇒
[

dA(n) > 2 ceil
(

√

4(ka)2 + (n− 1)2
)]

. (148)

Thus, if dA(n) > 2(n + 1) and n > (ka)2, then the
condition (143) is satisfied.

The main results of this Appendix C are (121)–(123),
(143)–(145) and (148).

APPENDIX D
In this Appendix D, p being a positive integer, we study the
sequence p 7→ Ξp defined by (10).

Let n be a positive integer. The n-th harmonic number is

Hn =
n
∑

k=1

1

k
. (149)

It is asymptotically given by [15, Sec. 10.4]:

Hn = lnn+ γ+
1

2n
− 1

12n2
+

1

120n4
+O

(

1

n6

)

, (150)

where we have used Landau’s Big-O notation.
We observe that

2p
∑

m=1

1

m
=

p−1
∑

m=0

1

2m+ 1
+

1

2

p
∑

m=1

1

m
. (151)

Using (150) twice in (151), we obtain

ln(2p) + γ +
1

4p
− 1

48p2
+O

(

1

p4

)

=

p−1
∑

m=0

1

2m+ 1

+
1

2

[

ln p+ γ +
1

2p
− 1

12p2
+O

(

1

p4

)]

, (152)
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TABLE 4. Some coefficients Ξp and related quantities.

p ξmin(p) Ξp ξmax(p) −1/24p2 rp

1 −0.05208 −0.03649 −0.00839 −0.04167 14.2%

2 −0.01308 −0.01001 −0.00534 −0.01042 4.07%

3 −0.00566 −0.00454 −0.00301 −0.00463 1.88%

4 −0.00310 −0.00258 −0.00189 −0.00260 1.07%

5 −0.00194 −0.00166 −0.00129 −0.00167 0.69%

6 −0.00133 −0.00115 −0.00094 −0.00116 0.48%

7 −0.00096 −0.00085 −0.00071 −0.00085 0.35%

8 −0.00073 −0.00065 −0.00056 −0.00065 0.27%

9 −0.00057 −0.00051 −0.00045 −0.00051 0.21%

10 −0.00046 −0.00042 −0.00037 −0.00042 0.17%

and then

ln(4p) + γ +
1

24p2
+O

(

1

p4

)

= 2

p−1
∑

m=0

1

2m+ 1
. (153)

It follows that an asymptotic approximation of Ξp is

Ξp = ln(4p) + γ − 2

p−1
∑

m=0

1

2m+ 1

= − 1

24p2
+O

(

1

p4

)

. (154)

We want now to compute a lower bound and an upper
bound on Ξp. Using [15, Sec. 9.3], we get

1

24(p+ 1)2
< Hp − ln

(

p+
1

2

)

− γ <
1

24p2
(155)

and
1

24(2p+ 1)2
< H2p − ln

(

2p+
1

2

)

− γ <
1

96p2
. (156)

By (151) we have

−2

p−1
∑

m=0

1

2m+ 1
= Hp − 2H2p , (157)

hence

− γ − ln
(2p+ 0.5)2

p+ 0.5
+

1

24(p+ 1)2
− 1

48p2

< −2

p−1
∑

m=0

1

2m+ 1

< −γ − ln
(2p+ 0.5)2

p+ 0.5
+

1

24p2
− 1

48(p+ 0.5)2
. (158)

Using

ln
(2p+ 0.5)2

p+ 0.5
= ln(4p) + ln

(

1 +
1

16p(p+ 0.5)

)

(159)

and the fact that the series expansion of ln(1+x) for |x| < 1
is an alternating series, we get

ln(4p) +
1

16p(p+ 0.5)
− 1

512p2(p+ 0.5)2

< ln
(2p+ 0.5)2

p+ 0.5
< ln(4p) +

1

16p(p+ 0.5)
. (160)

Using (160) and (158) in (10), we obtain

ξmin(p) < Ξp < ξmax(p) , (161)

where the bounds are

ξmin(p) = − 1

16p(p+ 0.5)
+

1

24(p+ 1)2
− 1

48p2
(162)

and

ξmax(p) = − 1

16p(p+ 0.5)

+
1

512p2(p+ 0.5)2
+

1

24p2
− 1

48(p+ 0.5)2
. (163)

Table 4 shows ξmin(p), Ξp, ξmax(p), the approximation

Ξp ≃ − 1

24p2
(164)

and the absolute value rp of the relative error of this approx-
imation. Let f be the function defined on R

∗
+ by ∀x ∈ R

∗
+,

f(x) = ln

(

1 +
1

x

)

− 2

2x+ 1
, (165)

which, by (10), is such that

Ξp+1 − Ξp = f(p) . (166)

For all x ∈ R
∗
+, the derivative of f at x is given by

f ′(x) =
−1

x(x+ 1)(2x+ 1)2
. (167)

Since f ′(x) < 0 for all x ∈ R
∗
+, and f(x) → 0 as x→ ∞,

we have f(x) > 0 for all x ∈ R
∗
+. Accordingly, the sequence

q 7→ Ξq defined for q > 1 is strictly increasing. Since it tends
to 0 as n becomes large, we have Ξp < 0 for any positive
integer p. Thus, using (162), for any positive p ∈ N, we get:

ξmin(p) =
−2p3 − 7.5p2 − 5p− 0.5

48p2(p+ 0.5)(p+ 1)2
< Ξp < 0 . (168)

If p > 1, then 2p3 +7.5p2 +5p+0.5 < 2(p+1)2(p+2),
hence

ξmin(p) > − p+ 2

24p2(p+ 0.5)
, (169)

ξmin(p) > −p+ 2

24p3
(170)

and

0 < −Ξp <
p+ 2

24p3
(171)

for any positive integer p.
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APPENDIX E
Let t ∈ R

∗
+. In this Appendix E, we want to show that, q

being a positive integer, the sequence q 7→ rq(t) such that

rq(t) =
|Ξq|

K0 (qt) I0 (qt)
(172)

is less than a positive and strictly decreasing sequence that
approaches 0 as q → ∞.

By (171), we have

0 < |Ξq| <
q + 2

24q3
. (173)

According to Corollary 2 of [16], for any x ∈ R
∗
+, we have

K0(x)I0(x) >
1

2

√

x2 +
1

3

. (174)

We consider the function r̃ defined for any ν ∈ R
∗
+ by

r̃(ν, t) =
ν + 2

12 ν3

√

(νt)
2
+

1

3
(175)

It follows from (172)–(175) that, for any positive integer
q, we have

0 < rq(t) < r̃(q, t) . (176)

We get

∂ r̃(ν, t)

∂ν
=

1

12

√

(νt)2 +
1

3

×







νt2

(νt)2 +
1

3

ν + 2

ν3
+

−2ν − 6

ν4






(177)

and then

∂ r̃(ν, t)

∂ν
=

(νt)2(ν + 2)− 2(ν + 3)

[

(νt)2 +
1

3

]

12 ν4
√

(νt)2 +
1

3

. (178)

It follows that

∂ r̃(ν, t)

∂ν
=

−(νt)2(ν + 4)− 2

3
(ν + 3)

12 ν4
√

(νt)2 +
1

3

. (179)

Hence,
∂ r̃(ν, t)

∂ν
< 0. (180)

Thus, the function ν 7→ r̃(ν, t) is strictly decreasing.
Moreover, this positive function approaches 0 as ν becomes
arbitrarily large. Accordingly, it follows from (176) that the
sequence q 7→ rq(t) is less than the positive and strictly
decreasing sequence q 7→ r̃(q, t) that approaches 0 as q
becomes arbitrarily large.

APPENDIX F
In this Appendix F, we want to show that the function Q
defined by Q(x) = x2 K0(x) I0(x) for all x ∈ R

∗
+ is strictly

increasing. We also want to compute an easily integrable
lower bound on the derivative of Q at x.

Let x ∈ R
∗
+. Using [8, Eq. 9.6.27], we find that the

derivative of Q is

Q′(x) = xK0(x) I0(x)

[

2 + x
I1(x)

I0(x)
− x

K1(x)

K0(x)

]

. (181)

The Wronskian of I0 and K0 is known [8, Eq. 9.6.15], and
given by K1(x) I0(x)+K0(x) I1(x) = 1/x. Using this result
in (181), we get

Q′(x) = xK0(x) I0(x) f(x), (182)

where

f(x) = 2 + 2x
I1(x)

I0(x)
− 1

K0(x)I0(x)
. (183)

According to Theorem 2 of [17], we have

I1(x)

I0(x)
>

x

1 +
√
1 + x2

. (184)

Using (174) and (184) in (183), we obtain

f(x) > 2 +
2x2

1 +
√
1 + x2

− 2

√

x2 +
1

3
, (185)

that is to say

f(x) > 2

(

√

x2 + 1−
√

x2 +
1

3

)

. (186)

By (186), f(x) is positive. Since xK0(x)I0(x) is also
positive by [8, Sec. 9.6.1], it follows from (182) that Q′(x) is
positive. Accordingly, Q is strictly increasing in R

∗
+.

To obtain a convenient lower bound onQ′(x), we combine
(174) and (182) and (186) to obtain

Q′(x) >
2x

3
√
x2 + 1

√

x2 +
1

3
+ 3x2 + 1

. (187)

Hence, for any x ∈ R
∗
+, we obtain

Q′(x) >
x

3x2 + 2
, (188)

which qualifies as an easily integrable lower bound onQ′(x).

APPENDIX G
In this Appendix G, n being a positive integer, we study the
sequence n 7→ Dn(t) = Q(nt)/t2 + n2 Ξn, in which Ξn is
defined by (10),Q is the function defined in Section IV.C and
Appendix F, and t ∈ R

∗
+ satisfies t 6 1/3. We have

(n+ 1)2 Ξn+1 − n2 Ξn =

(n+ 1)2 (Ξn+1 − Ξn) +
(

(n+ 1)2 − n2
)

Ξn =

(n+ 1)2 (Ξn+1 − Ξn) + (2n+ 1)Ξn . (189)
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Using (165)–(166) and (168)–(169) in (189), we get

(n+1)2 Ξn+1−n2 Ξn > (n+1)2
(

ln

(

1 +
1

n

)

− 2

2n+ 1

)

− (2n+ 1)
n+ 2

24n2(n+ 0.5)
. (190)

In the case n = 1, Table 4 allows us to obtain a better lower
bound than (190):

(n+ 1)2 Ξn+1 − n2 Ξn = 4Ξ2 − Ξ1 > −0.005 . (191)

In the case n > 2, since the power series expansion of
ln(1 + x) is an alternating series if 0 6 x < 1, (190) entails

(n+ 1)2 Ξn+1 − n2 Ξn >

(n+ 1)2
(

1

n
− 1

2n2
− 2

2n+ 1

)

− n+ 2

12n2
, (192)

(n+ 1)2 Ξn+1 − n2 Ξn >

−6(n+ 1)2 − (n+ 2)(2n+ 1)

12n2 (2n+ 1)
(193)

and

(n+ 1)2 Ξn+1 − n2 Ξn > −8n2 + 17n+ 8

12n2 (2n+ 1)
. (194)

We have

Q((n+ 1)t)−Q(nt) =

∫ (n+1)t

nt

Q′(x) dx (195)

Using (188) in (195), we get

Q((n+ 1)t)−Q(nt) >
1

6
ln

3(n+ 1)2t2 + 2

3n2t2 + 2
(196)

and then

Q((n+ 1)t)−Q(nt) >
1

6
ln

(

1 +
3(2n+ 1)t2

3n2t2 + 2

)

. (197)

Since t 6 1/3, we have 9t2 6 1, hence, if n = 1, then
3(2n + 1)t2 < 3n2t2 + 2. If n > 2, we have 2nt2 6 n2t2,
hence t 6 1/3 leads us to (2n+1)t2 6 n2t2+1/9, and then
to 3(2n+1)t2 < 3n2t2+2. Thus, for any positive integer n,
we have 3(2n+1)t2 < 3n2t2+2. Since the series expansion
of ln(1 + x) for |x| < 1 is an alternating series, we obtain

Q((n+ 1)t)−Q(nt) >

1

2

(

(2n+ 1)t2

3n2t2 + 2
− 3

2

((2n+ 1)t2)2

(3n2t2 + 2)2

)

, (198)

and then

1

t2
[

Q((n+ 1)t)−Q(nt)
]

>

6t2n3 − 3t2n2 + (4− 6t2)n+ 2− 1.5 t2

2(9n4t4 + 12n2t2 + 4)
. (199)

We now want to determine the sign of Dn+1(t) − Dn(t).
In the case n = 1, using (191) and (199) in the definition of
Dn(t), we obtain

D2(t)−D1(t) >
−4.5t2 + 6

18t4 + 24t2 + 8
− 0.005 (200)

and

D2(t)−D1(t) >
−0.09t4 − 4.62t2 + 5.96

18t4 + 24t2 + 8
(201)

Since we have assumed 0 < t 6 1/3, it follows from (201)
that

D2(t)−D1(t) > 0 (202)

In the case n > 2, using (194) and (199) in the definition
of Dn(t), we obtain

Dn+1(t)−Dn(t) >
Pn(t)
Rn(t)

, (203)

where

Pn(t) =
(

6t2n3 − 3t2n2 + (4− 6t2)n+ 2− 1.5 t2
)(

24n3 + 12n2
)

−
(

8n2 + 17n+ 8
)(

18t4n4 + 24t2n2 + 8
)

(204)

and Rn(t) = 24n2(2n+ 1)(9n4t4 + 12n2t2 + 4) > 0.
We find:

Pn(t) =
144t2(1− t2)n6 − 306t4n5 + (96− 372t2 − 144t4)n4

+ (96− 516t2)n3 − (40 + 210t2)n2 − 136n− 64. (205)

Using t2 < 1/9 and n > 2, we obtain: 144(1− t2) > 128;
then 144t2(1 − t2)n6 > 256t2n5; then 306t4n5 < 34t2n5;
then 144t2(1−t2)n6−306t4n5 > 444t2n4; then 144t2 < 16;
then 96− 372t2 − 144t4 > 96− 388t2; then

144t2(1− t2)n6 − 306t4n5 + (96− 372t2 − 144t4)n4 >

(96 + 56t2)n4 > (192 + 112t2)n3 ; (206)

144t2(1− t2)n6 − 306t4n5 + (96− 372t2 − 144t4)n4

+ (96− 516t2)n3 > (576− 808t2)n2 ; (207)

144t2(1− t2)n6 − 306t4n5 + (96− 372t2 − 144t4)n4

+ (96− 516t2)n3 − (40 + 210t2)n2 >

(1072− 2036t2)n (208)

and
Pn(t) > 1808− 4072t2 > 1356 . (209)

It follows from (202), (203) and (209) that, for any positive
integer n, we have

Dn+1(t)−Dn(t) > 0 . (210)

APPENDIX H
In this Appendix H, n is an integer such that n > 2 and
we want to compare the absolute value of the power series
Sn(ka) defined by (13) to 1/n as n becomes large, under
the assumption that the frequency f satisfies f 6 fmax, or
equivalently that ka 6 2.5.

To this end, we write that s polyn (ka) defined by (101) is
given by

s polyn (ka) = s(1)n (ka) + s(2)n (ka) , (211)
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where

s(1)n (ka) =

2n−2
∑

q=2

αq n(ka)
q , (212)

and

s(2)n (ka) =

2n+2
∑

q=2n−1

αq n(ka)
q , (213)

To begin with, we seek an upper bound of s
(1)
n (ka). For

any positive integers n and q such that 2 6 q 6 2n − 2, we
find that:

• if q is even, then q − 1 6 2(n − 1) − 1 and q + 1 6

2n − 1, which entails that (88) can be used to obtain
χ(q−1) (n−1) = 0, χ(q−1) (n+1) = 0 and χ(q+1)n = 0,
hence (12) leads us to

αq n = 0 ; (214)

• if q is odd, then we have q − 1 6 2(n − 1) − 2 and
q + 1 6 2n − 2, which entails that (93) can be used to
compute χ(q−1) (n−1), χ(q−1) (n+1) and χ(q+1)n, hence
(12) leads us to

αq n =
2q−1

π
n−1.5+q/2
∏

i=n+0.5−q/2

(2i+ 1)

×
[

2n+ q − 2

2(q − 1)(2n− q)
+

2n− q + 2

2(q − 1)(2n+ q)

− 4n2

(q + 1)(2n− q)(2n+ q)

]

. (215)

It follows from (215) that, for any positive integer n and
any odd integer q such that 2 6 q 6 2n− 2, we have

αq n =
2q−1

π
n−1.5+q/2
∏

i=n+0.5−q/2

(2i+ 1)

× 8n2 + q(q + 1)(q − 2)

(q − 1)(q + 1)(2n− q)(2n+ q)
, (216)

which is positive because q − 2 > 1 and 2n − q > 3. Let
us consider the function Pn of the real variables x used to
replace the discrete variable q, such that

Pn(x) = (x2 − 1)(4n2 − x2) . (217)

Since Pn(x) = −X2+X(4n2+1)−4n2 whereX = x2,
this function has a maximum at x equal to xM given by

xM =

√

4n2 + 1

2
. (218)

We are looking for a lower bound of Pn(x) for x lying
in the interval In = [3, 2n − 3], and n > 3. We note that
n > 3 entails xM > 3. Thus, xM lies in In if and only if
2n2+1/2 6 4n2−12n+9. The polynomial 2y2−12y+17/2,
in the real variable y, having two roots y1 and y2 such that
y1 ≃ 0.82 and y2 ≃ 5.18, xM lies in In if and only if n > 6.
Accordingly, if 3 6 n 6 5, then Pn is an increasing function

over In, hence ∀x ∈ In,Pn(x) > Pn(3). In contrast, if n >

6, we need to compare Pn(3) to Pn(2n − 3), because the
smallest is a lower bound of Pn(x) for x ∈ In. We have
Pn(2n−3)−Pn(3) = 4n(12n2−53n+51). The polynomial
y(12y2 − 53y + 51) in the real variable y having three roots
y1, y2 and y3 such that y1 = 0, y2 ≃ 1.42 and y3 = 3, it
follows that, if n > 6, then Pn(2n − 3) > Pn(3), hence
∀x ∈ In,Pn(x) > Pn(3).

Thus, if n > 3, then ∀x ∈ In we have

Pn(x) > Pn(3) = 8(4n2 − 9) > 24n2 . (219)

Consequently, for any integer n such that n > 3 and any
odd integer q such that 2 6 q 6 2n− 2, we have

0 <
8n2

(q − 1)(q + 1)(2n− q)(2n+ q)
6

1

3
(220)

For any positive integer n and any odd integer q such that
2 6 q 6 2n− 2, we have

q(q + 1)(q − 2)

(q − 1)(q + 1)(2n− q)(2n+ q)
6

q

4n2 − q2
. (221)

Let us consider the function Qn of the real variables x used
to replace the discrete variable q, such that

Qn(x) =
x

4n2 − x2
, (222)

defined for any x ∈ R such that x 6= 2n and x 6= −2n.
Where Qn is defined, its derivative is positive hence Qn is
increasing. In the interval In = [3, 2n−3], Qn is defined and
increasing, hence

Qn(x) 6 Qn(2n− 3) =
2n− 3

12n− 9
<

1

6
. (223)

Using (221)–(223), we find that, for any positive integer n
and any odd integer q such that 2 6 q 6 2n− 2, we have

0 <
q(q + 1)(q − 2)

(q − 1)(q + 1)(2n− q)(2n+ q)
<

1

6
. (224)

Using (220) and (224) in (216), we get: for any integer
n > 3 and any odd integer q such that 2 6 q 6 2n− 2,

0 < αq n <
2q−2

π
n−1.5+q/2
∏

i=n+0.5−q/2

(2i+ 1)

. (225)

We now observe that, for any integer n > 3 and any odd
integer q such that 3 6 q 6 2n− 3,

pq n =

n−1.5+q/2
∏

i=n+0.5−q/2

(2i+ 1) (226)

is a product of q−1 factors, which include the factors 2n−1
and 2n+1, each of the q−1 factors being larger than or equal
to 5. Hence

n−1.5+q/2
∏

i=n+0.5−q/2

(2i+ 1) > (2n− 1) (2n+ 1) 5q−3 . (227)
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If the condition f 6 fmax is satisfied, 2ka 6 5, hence, for
any n > 3 and any odd integer q such that 2 6 q 6 2n − 2,
(225) leads us to

0 < αq n(ka)
q <

2(ka)3 5q−3

π
n−1.5+q/2
∏

i=n+0.5−q/2

(2i+ 1)

, (228)

and then (227) to

0 < αq n(ka)
q <

2(ka)3

π (2n− 1) (2n+ 1)
. (229)

For n > 3, the sum in (212) has 2n−3 terms, among which
n− 1 are zero by (214), the n− 2 other terms corresponding
to odd integers q such that 2 6 q 6 2n − 2. Thus, if the
condition f 6 fmax is satisfied, for any integer n > 3, said
n− 2 other terms satisfy (229), hence

0 6 s(1)n (ka) <
(ka)3

π (2n+ 1)
. (230)

We now seek an upper bound of s
(2)
n (ka), which is a

polynomial in the variable ka, of coefficients α(2n−1)n,
α(2n)n, α(2n+1)n and α(2n+2)n. According to [8, Ch. 6],
the function x 7→ Γ(x) of the real variable x is increasing for
x > 1.465, and it satisfies Γ(0.5) > 1.7 and Γ(−1.5) > 2.3.
Thus, since we assumed n > 2, it follows from (8) that

|χ(2n−2) (n−1)| <
1

(2n− 2)!
, (231)

|χ(2n−2) (n+1)| <
1

2(2n− 2) (2n− 1)!
(232)

and
|χ(2n)n| <

1

(2n)!
, (233)

hence (12) leads us to

|α(2n−1)n| <
1 +

1 + 2n(2n− 2)

2(2n− 1)(2n− 2)

2(2n− 2)!
(234)

and
|α(2n−1)n| <

1

(2n− 2)!
. (235)

It follows from (9) that

|χ(2n−1) (n−1)| =
1

(2n− 1)!
, (236)

χ(2n−1) (n+1) = 0 (237)

and
|χ(2n+1)n| =

1

(2n+ 1)!
, (238)

hence (12) leads us to

|α(2n)n| <
1

(2n− 1)!
. (239)

Since Γ(1.5) > 0.88, Γ(−1.5) > 2.3 and n > 2, it follows
from (8) that

|χ(2n) (n−1)| <
1.2

(2n− 1)!
, (240)

|χ(2n) (n+1)| <
1

3n (2n)!
(241)

and
|χ(2n+2)n| <

1.2

(2n+ 2) (2n)!
, (242)

hence (12) leads us to

|α(2n+1)n| <
1

(2n− 1)!
. (243)

It follows from (9) that

|χ(2n+1) (n−1)| =
1

(2n+ 1) (2n− 1)!
, (244)

|χ(2n+1) (n+1)| = 0 (245)

and
|χ(2n+3)n| =

1

(2n+ 3) (2n+ 1)!
, (246)

hence (12) leads us to

|α(2n+2)n| <
1

(2n)!
. (247)

It follows from (213), (235), (239), (243) and (247) that

|s(2)n (ka)| < (ka)2n−1

(2n− 2)!

×
(

1 +
ka

2n− 1
+

(ka)2

2n− 1
+

(ka)3

2n(2n− 1)

)

. (248)

Thus, if the condition f 6 fmax is satisfied, for any integer
n such that n > 3, we have

|s(2)n (ka)| < 3.3
(ka)2n−1

(2n− 2)!
, (249)

and, since 2× 3× 4 > (ka)3 entails (2n− 3)! > (ka)2n−4,
we also have

|s(2)n (ka)| < 3.3 (ka)3

2n− 2
(250)

for n > 4. We now assume n > 4 and n > (ka)2, and we
posit dA(n) = 2(n+ 1). Hence, by (148), the condition (18)
is satisfied; by (14), (212) and (213) we have

Sn(ka) = s(1)n (ka) + s(2)n (ka) ; (251)

and, by (15), (16) and (19) we have

|Sn(ka)| 6 |Sn(ka)|
+ |α(2n+3)n| (ka)2n+3 + |α(2n+4)n| (ka)2n+4 . (252)

By n > 4 and (124) we obtain

lim
n→∞

n |α(2n+3)n| (ka)2n+3 = 0 (253)

and
lim
n→∞

n |α(2n+4)n| (ka)2n+4 = 0 . (254)

It follows from (230), (249) and (251)–(254) that, if the
condition f 6 fmax is satisfied, then

Sn(ka) = O

(

1

n

)

(255)

as n becomes large. This is the wanted comparison between
the absolute value of Sn(ka) with 1/n.
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